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a b s t r a c t 

We generalize a network formation model for co-authorship introducing the possibility of the connections 

having different link strengths. Different link strengths represent the fact that authors may put different 

effort s into different collaborations. To evaluate the model, we consider the notions of efficiency and pair- 

wise stability, which are based on a utility function that measures the benefits for an author to belonging 

to a certain network structure. We divide the analysis in two cases, considering that link strengths are 

unbounded or bounded. In the first case, we show that if there are more than two authors in the net- 

work, then there is no pairwise stable network. In the second case, we show that the pairwise stable 

networks consist of completely connected disjoint components where essentially all link strengths are 

maximal. Regarding efficiency, in both cases, if the number of authors is even, then the unique efficient 

network structure consists of pairs of connected authors. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

In many situations, individuals have to decide on which rela- 

tionships they form and/or maintain taking into account the costs 

and benefits involved in establishing and/or maintaining these con- 

nections. Some studies model these situations using a network 

where individuals behave strategically. In these models of network 

formation, the costs and benefits of a given network structure are 

exogenously determined. Thus, it is possible to investigate which 

networks are likely to form or to measure to what extent a given 

network structure is maximizing the sum of the net benefits of 

those involved in the network ( Jackson, 2008 ). 

There are different approaches for modeling strategic network 

formation. Aumann and Myerson (1988) were the first to model 

strategic network formation using the Shapley value for that. 

Myerson (1991) created a simple simultaneous move game where 

the strategy of each player is the list of players that they wish 

to be connected to. Bala and Goyal (20 0 0) studied network for- 

mation under the assumption that only the individual who starts 

the connection pays the cost of this link. Kranton and Minehart 
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(2001) proposed a game where buyers form links and compete to 

obtain goods from the linked sellers. 

Recently, strategic network formation models have also at- 

tracted the attention in the field of Operational Research. Baron, 

Durieu, Haller, and Solal (2006) studied the complexity of com- 

puting a connected Nash network and found the set of stochasti- 

cally stable structures in an evolutionary network model. Monsuur 

(2007) proposed a structural network mechanism to analyze net- 

work formation in unweighted networks. Harmsen-van Hout, Her- 

ings, and Dellaert (2013) analyzed link specificity and the dis- 

tinction between social and informational value in communication 

network formation. They also restrict attention to unweighted net- 

works. Olaizola and Valenciano (2013, 2014b) studied network for- 

mation in one-way and two-way information flow networks with 

link constraints, respectively, and also analyzed the problem of net- 

work formation with asymmetric information flow ( Olaizola & Va- 

lenciano, 2014a ). There are other studies on strategic network for- 

mation. Hellmann and Staudigl (2014) provide an excellent sur- 

vey on models of network formation, but their main focus is on 

unweighted networks. One work that deals with weighted net- 

work formation is that of Bloch and Dutta (2009) . In their model, 

nodes have a certain amount of resources and must choose how 

to allocate such resources making connections with other nodes. 

They obtain a pairwise stable network structure that is different 

from the one obtained in this work, because the node’s utility in 

their model is different. For exam ple, in their model, nodes have 
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benefits that come from indirect connections and, as we will see, 

in our model they do not. 

Jackson and Wolinsky (1996) proposed a network formation 

model in the context of co-authorship and analyzed stability 

and efficiency properties of these network structures. The co- 

authorship network represents situations where individuals in a 

network invest resources (usually, time) for the execution of some 

joint work. This model has been studied from the point of view of 

network formation and also from other theoretical and empirical 

aspects. Individuals can work together collaborating on a particu- 

lar project, in such a case it is said that there is a link between 

such individuals, forming a network. 

The aim of the present paper is to extend the work of Jackson 

and Wolinsky (1996) studying not only whether individuals or so- 

ciety benefit from creating or deleting links between authors, but 

also to analyze the network formation considering that individu- 

als can put more effort into some relationships than into other 

ones. In a collaborative network, it is common for individuals to 

work more than once with another individual and to work more 

with some than with others. We believe that individuals working 

together more often have the opportunity to know each other bet- 

ter and this, in turn, facilitates the productivity and increases the 

satisfaction of the individuals involved in that relationship. Thus, 

we create a model that defines the utility of the network for some 

author as a function of the relative effort (the effort normalized by 

the sum of all effort s put by the author into all his links) he and 

his co-authors put into each collaboration. 

After presenting the model, we analyze which network struc- 

tures are efficient and pairwise stable, considering two different 

cases: one where the link strength is unbounded and another one 

where it is bounded. Although in practice no author can use an un- 

limited amount of resources, studying the unbounded case is use- 

ful for situations where there is no known limit to the effort that 

an author may put into his collaborations. This is similar in spirit 

to what is done in the analysis of infinitely repeated games, for 

example, which is useful for situations where the number of repe- 

titions is unknown ( Osborne & Rubinstein, 1994 ). Our results show 

that, regarding efficiency, in both cases the unique efficient net- 

works consist of any number of linked pairs of authors, meaning 

that all authors should put all their effort into a single collabora- 

tion. We show that in the unbounded case, if there are more than 

two authors in the network, then there are no pairwise stable net- 

works, while in the bounded case, the pairwise stable structures 

are similar to the ones in the Jackson and Wolinsky’s model, where 

essentially all link strengths are maximal. 

This paper is organized as follows. In Section 2 , we present 

a brief review of the concepts of graph theory needed to the 

understanding of the models, the co-authorship model proposed 

by Jackson and Wolinsky (1996) and the notions of efficiency 

and pairwise stability. In Section 3 , we present the proposed co- 

authorship network model with link strength. In Section 4 , we 

study network formation considering efficiency and pairwise sta- 

bility criteria. In Section 5 , we compare our results to other related 

results in the OR literature. We conclude in Section 6 with some 

final remarks. 

2. Graphs and the co-authorship model 

Social network models generally use concepts and represen- 

tations of graph theory that help in visualizing and analyzing 

the network structure and formation. In Section 2.1 , we present 

some basic concepts necessary for the understanding of our co- 

authorship model and of its efficiency and stability results. In 

Section 2.2 , we present the co-authorship model proposed by 

Jackson and Wolinsky (1996) with one result that is generalized 

in Section 4 . For more detailed information, we suggest the work 

of Jackson (2008) . 

2.1. Graphs and networks 

A canonical form to represent a network is through a graph, 

which consists of a set of nodes and links between them. The set 

of nodes represents the entities involved in the network, which are 

usually called individuals, agents, players or authors, depending on 

the context. The links represent some relation between a pair of 

nodes. 

Formally, a graph ( N , g ) consists of a set of nodes N and of an 

n × n matrix g of non-negative real values, where n is the cardinal- 

ity of N and g ij represents the relation between i and j . If node i is 

connected to node j , we have that g ij > 0 and it is said that there is 

an edge (link) between nodes i and j . When there is no confusion 

about what the set of nodes is, the notation g is used instead of ( N , 

g ). A network is directed if g ij � = g ji for some pair of nodes i and j 

and is non-directed otherwise. Co-authorship networks are usually 

non-directed, while citation networks are usually directed. 

In many network formation models, the nodes can only choose 

whether they are linked with other node or not. It is a discrete 

choice. However, in some situations, individuals can decide how 

much they will invest in each relationship. In these cases, g ij can 

be different from 0 or 1 and the networks are called weighted. In 

a weighted network, g ij represents the weight of the link between 

nodes i and j . Then, a node degree is the sum of all the weights of 

the links involving a particular node, i.e., d i (g) = 

∑ 

j∈ N g i j . 

We are interested in analyzing what types of network struc- 

tures are likely to form in the context of co-authorship considering 

efficiency and pairwise stability criteria. For that, network forma- 

tion models consider that nodes receive some benefits that depend 

on the network structure. In this scenario, the nodes are usually 

called players and the benefits and costs for a player belonging to 

a certain network structure are modeled by a utility function or 

payoff, i.e., given a graph ( N , g ), for i ∈ N , player i ’s payoff is repre- 

sented by a function u i (g) ∈ R that gives his utility in the network 

g ( Jackson, 2008 ). 

This utility function is context dependent. For example, in the 

context of co-authorship, the utility function depends on the node 

degree and on its neighboring nodes’ degrees. In the co-authorship 

model, discussed in the next section, it is assumed that players are 

aware of the possibility of establishing new links or breaking ex- 

isting ones and of how these changes affect players’ utilities. 

An analysis that is made regarding network formation mod- 

els is to evaluate how society benefits from a network structure. 

More specifically, there is some interest in finding out what net- 

work structure maximizes the sum of all players’ utilities in the 

network. Let, G ( N ) be the set of all networks with set of nodes N . A 

network g ∈ G ( N ) is efficient relatively to a utility profile (u 1 , . . . , u n ) 

if �i ∈ N u i ( g ) ≥�i ∈ N u i ( g ′ ) for all g ′ such that g ′ ∈ G ( N ). 

Individuals in a network are assumed to be able to analyze 

whether breaking or establishing new links increase their utilities. 

When it is not possible for players to increase their utilities in a 

network, then it is said to be stable. There are different stabil- 

ity concepts. In this work, we are interested in pairwise stability, 

where to establish or to strengthen a relation both players should 

agree to do so, while for breaking or weakening a relation, one of 

the players involved in the link can do it unilaterally. The formal 

definition of pairwise stability will be given in the next section. 

2.2. The co-authorship model 

As the aim of this paper is to generalize the co-authorship for- 

mation model of Jackson and Wolinsky (1996) to allow collabora- 

tion of different strengths, we now recall such model. The idea is 
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