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a b s t r a c t

We consider the elicitation of incomplete preference information for the additive utility model in terms
of linear constraints on the weights. Eliciting incomplete preferences using holistic pair-wise judgments
is convenient for the decision maker, but selecting the best pair-wise comparison is difficult. We propose
a framework for comparing holistic preference elicitation questions based on their expected information
gain, and introduce a procedure for approximating the optimal question. We extend the basic approach
to generate reference alternatives that differ on only a few attributes, and to determine when further
preference information is unlikely to reduce decision uncertainty. We present results from computational
experiments that assess the performance of the procedure and assess the impact of limiting the number
of attributes on which the reference alternatives differ. The tests show that the proposed method per-
forms well, and when implemented in a decision support system it may substantially improve on-line
elicitation using pair-wise comparisons.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

We consider multi-attribute decision problems where a set of
alternatives indexed with I¼ f1;…;mg are evaluated based on
their uncertain measurements on a set of attributes indexed with
J ¼ f1;…;ng. Based on the evaluations, the DM either needs to rank
the alternatives, or to choose a small subset (possibly of size one)
of best alternatives. The alternatives' attribute measurements xj

i,
8ði; jÞA I � J, have a joint density fX(x). We assume that the DM's
preferences are representable with an additive multi-attribute
utility function u that consists, 8 jA J, of partial utility functions
uj : R-½0;1� and their scaling factors (weights) wj:

uðxi;wÞ ¼
X
jA J

wjujðxijÞ; ð1Þ

where xi is the vector of attribute measurements for alternative
iA I. The model (1) has two types of preference information that
need to be elicited from the DM: partial utility functions uj that
simultaneously model the DM's risk attitude and the attractive-
ness of the attribute scale levels, and the weights wj that express
relative importance of the attribute scale swings, i.e. trade-offs
[19].

There are various textbook methods for eliciting the partial
utility functions and the weights. For example, the partial utility
functions uj can be obtained with the standard gamble method
and the weights wj with the swing weighting method [19]. How-
ever, research has shown that utility and weight elicitation are
cognitively demanding and prone to behavioral biases (see e.g.
[4,10,25,41]). Various techniques have been developed to reduce
these biases and to consequently make the additive model
applicable in practical decision aiding settings. For example,
instead of eliciting exact and complete weight information, pre-
ference information about the weights can be elicited in an
incomplete format, which leads to having linear weight con-
straints [27,29]. However, there is little evidence that eliciting such
weight constraints directly would not be affected by the same
behavioral biases that affect the direct methods for exact weight
elicitation. Obtaining the constraints indirectly by asking the DM
to provide preference information in the form of holistic pair-wise
judgments over a given pair of reference alternatives with deter-
ministic evaluations (e.g. x1 is preferred over x2 or vice versa) has
been proposed as a practical technique for lowering the DM's
cognitive burden [8,15,16].

On the other hand, instead of true utility functions, one can
apply simpler value functions that do not model the DM's risk
attitude but solely quantify the attractiveness of deterministic
outcome levels. Uncertainty in the attribute measurements and
incomplete information on the weights can then be analyzed to
describe the possible decision outcomes. In the SMAA methodology
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[21,20,31] such analyses result in rank probabilities for each deci-
sion alternative. These are also known as rank acceptabilities and
they are usually estimated through Monte Carlo simulation [32].
The SMAA approach has been successfully applied for decision
support in various domains (e.g. [11,20,34,35,38]).

The usefulness of the simulation approach is related to the
capability of the rank probabilities to discriminate the decision
alternatives, which in turn depends on the linear weight con-
straints resulting from the answers to the pair-wise questions. The
number of questions the DM needs to answer should be as small
as possible to minimize the DM's cognitive load. This paper
develops an entropy-based method for optimizing information
gain from pair-wise holistic elicitation questions.

1.1. Background

Choosing the most appropriate pair of actual or fictitious
reference alternatives for indirect preference elicitation is not a
trivial task, and different approaches have been developed for
tackling the problem. Rios-Insua and Mateos [28] defined condi-
tions for reducing the efficient discrete set of alternatives after
observing a single pair-wise choice, but they did not consider
further which pair of alternatives to use in the next elicitation
iteration. The question-response process and the optimal choice
sequence (policy) was analyzed by Holloway and White [12]. They
assumed deterministic attribute measurements, a finite set of
alternatives, and linear partial utility functions. Iyengar et al. [13]
presented a heuristic for choosing the pair-wise question to ask so
that the resulting weight space is cut approximately in half.
However, none of these works took into account uncertain attri-
bute measurements or the information theoretic basis of the
decision; such an entropy-based method for problems with dis-
crete outcome sets was introduced by Abbas [1].

Entropy quantifies the amount of uncertainty over a set of
events [6]. In multi-attribute choice problems the events are the
different alternatives that can obtain the first rank, that is, there
are j Ij possible events. In ranking problems the events are the
different possible rankings over the set of alternatives. Entropy
allows us to compare the level of uncertainty associated with
different imprecise preferences, and therefore select the elicitation
question that maximizes the information gain. Entropy has been
used in a related context for constructing a full joint outcome
distribution when the marginal probabilities and pair-wise corre-
lations are elicited from experts [3]. The objective of using entropy
in specifying the outcome distribution is different: rather than
eliciting preferences to minimize entropy so that the decision
recommendation becomes more certain, it is used to select the
maximum entropy (most uncertain) distribution compatible with
the given information. We do not consider the construction of the
full joint outcome distribution in this paper, and emphasize that
our use of entropy as a metric of overall decision uncertainty is
quite different from the maximum entropy approach to the
selection of probability distributions.

1.2. Contribution

Our contribution in this paper is two-fold. First, we develop an
entropy-based framework for reasoning about holistic preference
elicitation questions in multi-attribute ranking problems with
continuous measurement distributions. We consider additive uti-
lity models where the partial utility functions, apart from the
scaling factors (weights) are elicited beforehand. We extend the
previous work of Abbas [1] by considering a discrete set of deci-
sion alternatives with uncertain attribute measurements modeled
through a joint probability distribution. Thus, the set of possible
outcomes is uncountable as we do not integrate uncertainty into a

utility measure, but the actual set of decision alternatives is finite.
We believe that the current work is the first to consider this
problem setting, and therefore the previously mentioned approa-
ches are not applicable. Neither are the various questioning
methods developed for interactive multi-objective optimization
(see e.g. [30]). The second contribution is the development of a
greedy technique that chooses the myopically optimal question in
each elicitation iteration. We numerically investigate the proce-
dure's performance with artificial problems, and present an
application of the technique on benefit-risk analysis of anti-
thrombolytic drugs.

The remainder of this paper is structured as follows. In Section
2, we describe the theory of entropy optimal weight constraint
elicitation and the specific case of pair-wise questions. Extensions
that consider restricted sets of reference alternatives and a stop-
ping criterion are discussed in Section 3. The computational
experiments and their results are presented in Section 4, and an
example is analyzed in Section 5. Section 6 ends the paper with a
discussion.

2. Entropy-optimal weight elicitation

In this section, we first outline our general framework for
entropy optimal weight constraint elicitation. We then show how
the relevant quantities can be approximated using Monte Carlo
simulation, and how the framework can be applied to find
approximately entropy-optimal pair-wise elicitation questions. In
what follows, we will refer to riskless utility (value) when talking
about utility, although the developed theory mostly also applies to
true utility functions that model the DM's risk attitude. Incomplete
information on the weights is represented through a density fW(w)
that is non-zero only within the ðn�1Þ-simplex

Wn ¼ wARn jwZ0;
X
jA J

wj ¼ 1

8<
:

9=
;: ð2Þ

The ranges of uj in (1) are defined through hypothetical alter-
natives xworst and xbest that have all the measurements at the worst
and the best levels in x, respectively, and thus
8 jA J : ujðxworst

j Þ ¼ 0;ujðxbestj Þ ¼ 1. In case x is not bounded, the
worst and best values can be chosen e.g. as hull of the 95% con-
fidence intervals [35]. We consider the case of a single DM, and
model incomplete information about her preferences with a
density fW(w) that is uniform within a feasible weight space W 0

formed by restricting Wn with linear constraints.
Starting from the current feasible weight space W 0DWn, an

elicitation question Q with an answer set A(Q) will reduce the
feasible weight space to a sub-region W″AAðQ Þ. For example,
when n¼ 2, the first question could be which one of two alter-
natives with partial utility vectors u1 ¼ ð1;0Þ, u2 ¼ ð0;1Þ the DM
(weakly) prefers. Possible answers to this question are
AðQ Þ ¼ fwAW2 jw1Zw2g; fwAW2 jw2Zw1gf g. In general, the
answer set will be complete (⋃W″ AAðQ ÞW

″ ¼W 0), but the answers
do not need to be disjoint. The answer set could be uncountable,
e.g. when the DM is asked to pick a single number from a real
valued scale (contingent valuation), but we consider only coun-
table answer sets in this paper (conjoint valuation).

Depending on the problem structure, the choice of the elicitation
question can have a large impact on how well the decision alter-
natives are discriminated with the answer. The question should
maximize the expected information gain, which we define by taking
into account the objective of applying the decision model, e.g. to rank
the alternatives. Fig. 1 illustrates this in a simple problem with two
alternatives A and B and two attributes. The partial utilities are dis-
tributed as u1ðxA1Þ � Uð0;0:3Þ, u2ðxA2Þ � Uð0:7;1Þ, u1ðxB1Þ � Uð0:3;0:6Þ,
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