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continuous time model of the operation of rainwater tanks is presented. The operation
of a tank is determined by the rainfall runoff and demand distribution functions and the
capacity of the tank. The runoff and demand distributions are assumed to satisfy certain
reasonable conditions which are satisfied in all cases of practical interest, e.g. when the

Ilg?i’l:vvs;f; tank distributions are described by piecewise constant functions. The yield, spill and volume
Simulation functions are characterized by equations which, by means of a constructive proof involving
Continuous time mathematical induction, can be shown to have unique solutions. This model can be used to
Exact compute the exact yield and spill over any period and the volume at any time during the

operation of the tank. Correct discrete time simulation models are derived in the special
cases of demand before rain (DBR) or demand after rain (DAR).
Crown Copyright © 2014 Published by Elsevier Inc. All rights reserved.

1. Introduction

Rainwater tanks provide an additional source of water to traditional centralized urban water systems. Also they provide
benefits in terms of downstream stormwater infrastructure requirements and pollutant load reduction [1,2].

A rainwater tank forms a particularly simple type of system. It consists of a container of some fixed capacity and it has a
number of inputs and outputs which can be represented by the following mass balance equation [2].

Vend = Vstar +R+P—-E—-S—-L-Y, (1)

where V¢ and V.4 are the volumes of water in the tank at the start and end respectively of a given time period under con-
sideration, R is the rainfall runoff from the roof of the house to which the rainwater tank is connected, P is the precipitation
incident on the rainwater tank, E is the evaporation from the rainwater tank, S is the amount of spillage from the rainwater
tank due to overflow, L is the seepage (or leakage) losses and Y is the yield of the tank to the householder. In the case of a
covered tank the incident precipitation and evaporation terms can be assumed to be zero. We will assume, as is usually
assumed by researchers in this area, that the rainwater tank is covered and also that the leakage losses can be neglected.
Thus the mass balance equation that we are assuming is

Vend = Vstart + R-S-Y. (2)
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Spillage occurs when the storage capacity is exceeded and yield occurs when there is household water demand and also
there is water in the rainwater tank. Demand which is not met by water from the rainwater tank is met by the mains water
supply.

The volume of water in the rainwater tank and the total yield from the tank vary with time and are dependant on the
distributions of rainfall runoff and demand and the capacity of the tank. The behavior of a rainwater tank for any given rain-
fall and demand data, roof runoff model and tank capacity may be estimated by so called behavior analysis involving discrete
time simulation [2-6].

Simulation of the operation of rainwater tanks is important for obtaining yield estimates to determine the effect of rain-
water tanks on a regional water supply [7]| and determining the optimal volume of a rainwater tank [8]. The effect of a large
number of rainwater tanks can be estimated by stochastic simulation [9]. The key component of such analyses is the
simulation of the operation of a single rainwater tank.

Discrete simulation models for this purpose have been described by Fewkes [4], Liaw and Tsai [5] and others. Unfortu-
nately, however, their models are incorrect, as is explained below. This casts some doubt onto the results of their work.

Consider the operation of a rainwater tank over T time periods where T € {1,2,...}. Let, for t € {1,...,T},

R, = rainwater runoff during time period t.

V, = volume of water in tank at the end of time period t.
Y, = yield from tank during time period t.

D, = demand for water during time period t.

C = tank capacity.

The rainfall runoff time series is usually estimated from rainfall data together with a rainfall runoff model involving a
number of parameters including roof area while the demand time series is usually estimated using a demand model [7].

We may derive valid discrete simulation equations in the special case where, in each time period, the demand comes
before the rainfall or the demand comes after the rainfall as follows.

1.1. Demand before rain (DBR)

Water Y, going towards meeting the demand D, is withdrawn from the tank at the beginning of time period t after which
the runoff R, is added with spill if the tank fills up to a volume C. At the beginning of time period t the volume of water in the
tank is V;_;. If the demand D is less than or equal to V;_; then the yield Y; will be D.. If the demand is greater than V;_; then
the yield Y, will be V;_; (and the rest of the demand will be met from the mains supply). Thus

Y, = min(D,, V,_y). 3)

Now, after Y; has been withdrawn from the tank R, is added. As soon as the volume of water in the tank reaches C, spill
occurs. Therefore the volume of water in the tank at the end of the t™ time period is

Vt == min(Vt,l - Yt -‘r R[, C) (4)

1.2. Demand after rain (DAR)

Water from rainwater runoff R; is added to the tank at the beginning of time period t with spill if the volume of water
reaches C after which the water Y, going towards meeting the demand D, is withdrawn from the tank. At the beginning
of time period t the volume of water in the tank is V,_;. Therefore, after R; is added, the volume of water in the tank is
min(V;_; + R;,C). Hence, the water Y; withdrawn from the tank is

Y: = min(min(V;_ 1 + R, C),Dy) 5
= min(V[,] + Rf7 C7 D[) ( )

Thus the volume of water in the tank at the end of time period ¢ is
Vi=min(Vi_1 +R;,C) — Y. (6)

1.3. Yield before spill (YBS), yield after spill (YAS) as presented by Fewkes, Liaw and Tsai and others
Now DBR is a special case of yield before spill (YBS) and DAR is a special case of yield after spill (YAS).

In YAS rainfall and possible spill may occur before there is any yield. Fewkes’ and Liaw and Tsai’s equations for this case
are

Y, = min(V,_;,D,), (7)

V[ = min(V[_] + R[ - Yr, C - Yr) (8)
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