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a b s t r a c t

Interval intuitionistic uncertain linguistic sets are an important generalization of fuzzy sets, which well
cope with the experts’ qualitative preferences as well as reflect the interval membership and
non-membership degrees of the uncertain linguistic term. This paper first points out the issues of the
operational laws on interval intuitionistic uncertain linguistic numbers in the literature, and then defines
some alternative ones. To consider the relationship between interval intuitionistic uncertain linguistic
sets, the expectation and accuracy functions are defined. To study the application of interval intuitionistic
uncertain linguistic sets, two symmetrical interval intuitionistic uncertain linguistic hybrid aggregation
operators are defined. Meanwhile, models for the optimal weight vectors are established, by which the
optimal weighting vector can be obtained. As a series of development, an approach to multi-attribute
decision making under interval intuitionistic uncertain linguistic environment is developed, and the asso-
ciated example is provided to demonstrate the effectivity and practicality of the procedure.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Linguistic variables are an effective tool to deal with the
experts’ qualitative preference. It well deals with the situations
where the problem is too complex or too ill-defined to use quanti-
tative expressions. For example, when evaluating the ‘‘comfort” or
‘‘design” of a car, terms like ‘‘good”, ‘‘medium”, and ‘‘bad” (Levrat,
Voisin, Bombardier, & Bremont, 1997) can be used. The linguistic
approach is an approximate technique, which represents qualita-
tive aspects by means of linguistic variables (Zadeh, 1975), namely,
the variable values are words or sentences in a linguistic term set
rather than numbers. Since Zadeh (1975) first introduced the con-
cept of linguistic variables, it has been used in many fields such as
information retrieval (Fontana, 2001; Herrera-Viedma & Peis,
2003; Herrera-Viedma & Lopez-Herrera, 2007, 2010;
Herrera-Viedma, Lopez-Herrera, Luque, & Porcel, 2007), invest-
ment risk assessment (Fenton & Wang, 2006; Liu, Zhang, & Liu,
2011; Shevchenko, Ustinovichius, & Andruševičius, 2008), and
decision making (Dong, Xu, & Yu, 2009; Herrera &
Herrera-Viedma, 2000a; Liu, 2009; Martínez, Ruan, & Herrera,

2010; Wei, 2011; Wei, Zhao, & Lin, 2013; Xu, 2004a, 2004b,
2007a; Zhou & Chen, 2013). On the other hand, some extending
forms are developed such as 2-tuple linguistic variables (Herrera
& Martínez, 2000; Martínez & Herrera, 2012; Wei, 2010; Xu &
Wang, 2011), uncertainty linguistic variables (Park, Gwak, &
Kwun, 2011; Xu, 2004c, 2006a, 2006b; Xu & Wu, 2013), and hesi-
tant fuzzy linguistic term sets (Rodríguez, Martínez, & Herrera,
2013).

Recently, some researchers (Wang & Li, 2009) noticed that lin-
guistic variables only reflect the experts’ qualitative preferences,
and do not consider the membership and non-membership
degrees of an element to a particular concept. To better express
the experts’ qualitative preferences, using linguistic values
(Levrat et al., 1997) and Atanassov’s intuitionistic fuzzy sets (AIFSs)
(Atanassov, 1986), Wang and Li (2009) proposed the concept of
intuitionistic linguistic sets, which do not only give the experts’
qualitative preferences but also consider the membership and
non-membership degrees of their qualitative preferences. Later,
Liu and Jin (2012) further defined the concept of intuitionistic
uncertain linguistic sets, whilst Liu (2013) presented interval intui-
tionistic uncertain linguistic sets (IIULSs), which further facilitates
effectively representing inherent imprecision and uncertainty in
the human decision making process. For simplicity, the author
further introduced interval intuitionistic uncertain linguistic num-
bers (IIULNs) and defined some operations on IIULNs in a similar
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way to De, Biswas, and Roy (2000) and Xu (2007b). Although the
IIULNs give us more information of the considered problems, there
exist some undesirable properties for the operations on IIULNs as
Beliakov, Bustince, Goswami, Mukherjee, and Pal (2011) pointed
for the operations on AIFSs.

The purpose of this paper is to develop an approach to multi-
attribute decision making under interval intuitionistic uncertain
linguistic environment with incomplete weight information and
interactive characteristics. To do this, this paper first defines sev-
eral alternative operations on IIULNs, which can be seen as a nat-
ural extension of the operational laws on uncertainty linguistic
variables. The given operations avoid the need for complex and
explicit constructions (Liu, 2013). Then, based on the given opera-
tions on IIULNs, two symmetrical hybrid aggregation operators are
defined to calculate the comprehensive attribute values of alterna-
tives. Furthermore, some models are established, by which the
optimal weighting vectors can be obtained. To research the appli-
cation of the defined operations, an approach to interval intuitio-
nistic uncertain linguistic multi-attribute decision making is
developed.

The rest of this paper is organized as follows: In Section 2, some
concepts relate to IIULNs are briefly reviewed, and the existing
issues in the literature (Liu & Jin, 2012; Liu, 2013) are pointed. In
Section 3, several alternative operations on IIULNs are defined that
eliminate the mentioned issues. Furthermore, two hybrid aggrega-
tion operators on IIULNs are presented. In Section 4, models for the
optimal weight vectors are built, which can deal with the situa-
tions where the weight information is not exactly known. In Sec-
tion 5, a new method to multi-attribute decision making under
interval intuitionistic uncertain linguistic environment is devel-
oped, and an example is selected to illustrate the effectivity and
practicality of the proposed procedure. The conclusion is made in
the last section.

2. Basic concepts of IIULNs

To deal with the qualitative fuzzy preferences, the experts
usually use linguistic variables rather than numerical ones. The lin-
guistic approach is an approximate technique, which represents
qualitative aspects by means of linguistic variables. Let S = {sij i =
1, 2, . . ., t} be a linguistic term set with odd cardinality. Any label,
si represents a possible value for a linguistic variable, and it should
satisfy the following characteristics (Herrera & Herrera-Viedma,
2000b):

(1) The set is ordered: si > sj, if i > j.
(2) Max operator: max ðsi; sjÞ ¼ si, if si P sj.
(3) Min operator: min ðsi; sjÞ ¼ si, if si 6 sj.

For example, to assess the responsiveness of an engine, one may
use the following linguistic term set: S = {s1: very poor, s2: poor, s3:
indifferent, s4: good, s5: very good}.

Later, Xu (2004c) extended the discrete linguistic term set S to a
continuous linguistic term set �S ¼ fsajs1 6 sa 6 st ;a 2 ½1; t�g. To
further facilitate representing inherent uncertainty of the human
decision making process, Xu (2004c) gave the concept of uncertain
linguistic variables as follows: an uncertain linguistic variable can
be denoted by ~s ¼ ½sa; sb�, where sa; sb 2 �S with sa and sb being the
lower and upper limits. Some operational laws on uncertain lin-
guistic variables can be seen in the literature (Xu, 2004c, 2006b).

Although the (uncertain) linguistic variables can well cope with
the experts’ qualitative fuzzy preferences, they cannot reflect the
membership and non-membership degrees of an element to a con-
crete concept. Based on uncertain linguistic variables (Xu, 2004c)
and Atanassov’s interval-valued intuitionistic fuzzy sets (AIVIFSs)

(Atanassov & Gargov, 1989), Liu (2013) defined the IIULSs, which
can be seen as an extension of intuitionistic linguistic sets (Wang
& Li, 2009) and intuitionistic uncertain linguistic sets (Liu & Jin,
2012).

Definition 1. (Liu, 2013). An interval intuitionistic uncertain
linguistic set (IIULS) A in X ¼ fx1; x2; . . . ; xng is expressed by

A ¼ xij ½shðxiÞ; ssðxiÞ�; ½ulðxiÞ;uuðxiÞ�; ½v lðxiÞ;vuðxiÞ�
� �� �jxi 2 X

� �
;

where ½ulðxiÞ;uuðxiÞ� and ½v lðxiÞ;vuðxiÞ� respectively represent the
interval membership and non-membership degrees of the element
xi 2 X to the uncertain linguistic variable ½shðxiÞ; ssðxiÞ� with
½ulðxiÞ;uuðxiÞ�# ½0;1�; ½v lðxiÞ; vuðxiÞ�# ½0;1� and uuðxiÞ þ vuðxiÞ 61 for
each xi 2 X.

For brevity, Liu (2013) further gave the definition of IIULNs. An
interval intuitionistic uncertain linguistic number (IIULN) ~a is
defined by ~a ¼ ½shðaÞ; ssðaÞ�; ½ulðaÞ;uuðaÞ�; ½v lðaÞ;vuðaÞ�

� �
, where

½ulðaÞ;uuðaÞ� and ½v lðaÞ;vuðaÞ� respectively represent the interval
membership and non-membership degrees of the uncertain lin-
guistic variable ½shðaÞ; ssðaÞ� with ½ulðaÞ;uuðaÞ�# ½0;1�; ½v lðaÞ;
vuðaÞ�# ½0;1� and uuðaÞ þ vuðaÞ 61.

Similar to the operations on uncertain linguistic variables (Xu,
2004c, 2006b) and on AIVIFSs (Xu, 2007b), Liu (2013) defined the
following operations on IIULNs.

Let ~a ¼ ½shðaÞ; ssðaÞ�; ½ulðaÞ; uuðaÞ�; ½v lðaÞ; vuðaÞ�
� �

and ~b ¼
½shðbÞ; ssðbÞ�; ½ulðbÞ; uuðbÞ�; ½v lðbÞ; vuðbÞ�
� �

be any two IIULNs, then

some operations between ~a and ~b are defined by

(i) ~a� ~b ¼ ½shðaÞþhðbÞ; ssðaÞþsðbÞ�; ½1� ð1� ulðaÞÞð1� ulðbÞÞ;
�

1� ð1� uuðaÞÞð1� uuðbÞÞ�; ½v lðaÞv lðbÞ;vuðaÞvuðbÞ�Þ;
(ii) ~a� ~b ¼ ½shðaÞhðbÞ; ssðaÞsðbÞ�; ½ulðaÞulðbÞ;uuðaÞuuðbÞ�;

� ½1� ð1� v l

ðaÞÞð1� v lðbÞÞ;1� ð1� vuðaÞÞð1� vuðbÞÞ�Þ;
(iii) k~a ¼ ½skhðaÞ; sksðaÞ�; ½1� 1� ulðaÞð Þk;1� 1� uuðaÞð Þk�; ½v lðaÞk;

�
vuðaÞk�Þk 2 ½0;1�;

(iv) ~ak ¼ ½shðaÞk ; ssðaÞk �; ½ulðaÞk;uuðaÞk�; ½1� 1� v lðaÞð Þk;1� 1�ð
�

vuðaÞÞk�Þk 2 ½0;1�.

Considering the application of IIULNs in decision making, Liu
(2013) gave an order relationship between IIULNs in a similar
way to that on AIVIFSs (Xu & Chen, 2007).

Let ~a ¼ ½shðaÞ; ssðaÞ�; ½ulðaÞ;uuðaÞ�; ½v lðaÞ;vuðaÞ�
� �

be an IIULN, Liu
(2013) defined the expected function Eð~aÞ of ~a by
Eð~aÞ ¼ s hðaÞþsðaÞð Þ ul ðaÞþuu ðaÞþ2�vl ðaÞ�vu ðaÞð Þ

8

and presented the accuracy function

Hð~aÞ ¼ s hðaÞþsðaÞð Þ ul ðaÞþuu ðaÞþv l ðaÞþvu ðaÞð Þ
4

to evaluate the accuracy degree of ~a.

Then, the following order relationship (Liu, 2013), for any two
IIULNs ~a and ~b, is defined by

If Eð~aÞ < Eð~bÞ, then ~a � ~b.

If Eð~aÞ ¼ Eð~bÞ, then Hð~aÞ ¼ Hð~bÞ ) ~a ¼ ~b
Hð~aÞ < Hð~bÞ ) ~a � ~b

	
.

Based on the given operational laws and the order relationship,
Liu (2013) defined some aggregation operators and researched the
application of IIULNs in decision making. However, there are some
undesirable properties of the given operational laws as well as the
given order relationship.

Similar to the issue pointed by Beliakov et al. (2011) for the
operations on AIFSs, the operations (iii) and (iv) defined on IIULNs
(Liu, 2013) do not preserve the order relationship given above
under multiplication or exponentiation by a scalar: ~a � ~b cannot
guarantee k~a � k~b or ~ak � ~bk for k 2 ½0;1�. Let us consider Examples
1 and 2 below.
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