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a b s t r a c t

We consider a multiple change-point problem: a finite sequence of independent

random variables consists of segments given by a known number of the so-called

change-points such that the underlying distribution differs from segment to segment.

The task is to estimate these change-points under no further assumptions on the

within-segment distributions. In this completely nonparametric framework the

proposed estimator is defined as the maximizing point of weighted multivariate

U-statistic processes. Under mild moment conditions we prove almost sure conver-

gence and the rate of convergence.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction and main results

Change-point models have originally been developed in connection with applications in quality control, where a change
from the in-control to out-of-control state has to be detected based on the available observation. Change-point models are
being used in many fields, for instance, archaeology, econometrics, epidemiology, medicine and reliability. An overview of
the existing contribution in the literature, including many examples can be found in monographs by Brodsky and
Darkhovsky (1993, 2000), Basseville and Nikiforov (1993), Antoch et al. (1999), and Chen and Gupta (2000). For example,
Braun and Mueller (1998) have used multiple change-point models for the segmentation of DNA sequences. These
sequences are long chain-like molecules composed of four nucleic acids, or bases. The bases are adenine (A), guanine (G),
cytosine (C) and thymine (T). The observations along the sequence take on one of the values of the DNA alphabet (A, C, G
or T). Braun and Mueller suppose that there are segments within which the observations follow the same or nearly the
same distribution, and between which observations have different distributions. Interest may lie in describing the
structure of the sequence, in detecting segments which are anomalous (in the sense that they are either mistakenly
included in the sequence under consideration or perhaps derive from some other organizational scheme), or in comparing
structures between sequences.

We consider a change-point model for independent random variables, where the number of change points q 2 N is
assumed to be known. So let X1;n; . . . ;Xn;n, n 2 N be a triangular array of row wise independent random variables defined on
a common probability space ðO;A; PÞ with values in a measurable space ðX;FÞ. The multiple change-point is given by
h¼ ðy1; . . . ; yqÞ 2 H, where

H :¼ ft 2 Rq : 0ot1o � � �otqo1g:

We denote by ½s� :¼ maxðk 2 Z; krsÞ for s 2 R and ½t� :¼ ð½t1�; . . . ; ½tq�Þ for t¼ ðt1; . . . ; tqÞ 2 R
q. Further, we assume that there

exist measures ni for 0r irq such that

P3X�1
j;n ¼ ni for½nyi�o jr ½nyiþ1�; 0r irq where y0 ¼ 0; yqþ1 ¼ 1:
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The goal is to estimate the unknown multiple change-point h. Here, nothing is known about the underlying distributions ni

except that ni�1ani for 1r irq.
U-statistics in change-point analysis have been introduced by Csörgö and Horváth. They use U-statistics to detect a

change in the distribution in a sequence of independent real valued random variables. Further details can be found in
Csörgö and Horváth (1997). There are various approaches in the literature dealing with U-statistics in change point
analysis. See for example Horváth and Hušková (2005), Orasch (2004), Ferger (1994, 1995, 2001), Gombay (2000, 2001)
and Aly and Kochar (1997).

The basic idea of the proposed estimator for the unknown multiple change-point is the segmentation of the n

observations in q+1 subsamples for any possible change point configuration t 2 H. The i-th sample consists of the random
variables X½nti �þ1;n; . . . ;X½ntiþ 1 �;n for 0r irq, where t0=0 and tq + 1=1. The estimator is defined as the maximizing point over H

of a weighted (q+1)-sample U-statistic with a chosen kernel h of degree m¼ ðm0; . . . ;mqÞ, where mi 2 N0, m :¼Pq
i ¼ 0 mi40 and h : Xm-R is a Fm-BðRÞ- measurable function. It is assumed that the kernel h is symmetrical in each of the

mi coordinates and a suitable integrable, i.e.

hðx1;0; . . . ; xm0 ;0 . . . ; x1;q; . . . ; xmq ;qÞ ¼ hðxp0ð1Þ;0; . . . ; xp0ðm0Þ;0 . . . ; xpqð1Þ;q; . . . ; xpqðmqÞ;qÞ for all x 2 Xm and all permutations pi of
mi coordinates.

There exists a real number 1rpo1 such that

Mp :¼ max
k2N

qþ 1
0Pq

i ¼ 0
ki ¼ m

Z
Xm
jhðx1; . . . ; xmÞj

p
Yq

i ¼ 0

YPi�1

l ¼ 0
kl

� �
þki

j ¼
Pi�1

l ¼ 0
kl

� �
þ1

niðdxjÞo1:

We adopt the conventions that
P

i2|ai ¼ 0 and
Q

i2|ai ¼ 1. We define for n 2 N and t 2 Hm;n, where

Hm;n :¼ ft 2 H : mir ½ntiþ1��½nti� for 0r irq where t0 ¼ 0; tqþ1 ¼ 1g;

a (q+1)-sample U-statistic Un,t(h) by

Un;tðhÞ :¼
Yq

i ¼ 0

½ntiþ1��½nti�
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where t0=0 and tq+ 1=1. We endow this multivariate U-process with a weight function w : Rq-R defined for an a 2 Rqþ1

with 1
2oai, 0r irq by

wðtÞ :¼

Yq

i ¼ 0

ðtiþ1�tiÞ
ai ; t 2 H;

0 otherwise;

8>><
>>:

where t0=0 and tq +1=1. We will see that in the context of change-point estimation it is also worthwhile to work with
weight functions. They are used to overcome boundary effects, which typically occur when any of the distances yiþ1�yi for
0r irq, where y0 ¼ 0 and yqþ1 ¼ 1, is close to zero. Csörgö and Horváth originally introduced weight functions to improve
the power of their tests. We define a sequence of stochastic processes ðrnÞn2N with rn ¼ rnðtÞ : t 2 Rq� �

by

rnðtÞ :¼
w
½nt1�

n
; . . . ;
½ntq�

n

� 	
Un;tðhÞ; t 2 Hm;n;

0 otherwise:

8<
:

For n 2 N we introduce a class of estimators for the unknown change-point h. By definition they are maximizing points of
the weighted U-process jrnj in the region Gn :¼ fðk1=n; . . . ; kq=nÞ 2 Hm;n : ki 2 N0;1r irqg, that is

ĥn :¼ argmax
t2Gn

jrnðtÞj:

The estimator ĥn depends on the chosen kernel, ĥn ¼ ĥnðhÞ. The effect of the distribution ni can be traced back to integrals of
the kernel h. The quality of the estimator depends on the chosen kernel h and its order of integration p.

The case q=1 and m=(1,1) has been investigated by Ferger (1994, 1995, 2001), whereas q=1 and m=(2,2) has been
treated in Döring (2004) for the special kernel h(x1, x2, y1, y2)= g(x1, x2) � g(y1, y2), where g : X2-R is a measurable and
antisymmetric function, i.e. g(x1, x2)=�g(x2, x1). Orasch (2004) analyses tests which are designed for the detection of
multiple change-points. He considers the case mi=1, 0r irq with the kernel hðx0; . . . ; xqÞ ¼

Pq�1
i ¼ 0

Pq
j ¼ iþ1 gðxi; xjÞ, where

g : X2-R is a measurable, symmetric or antisymmetric function.
Choices for the kernel are hðx0; . . . ; xqÞ ¼

Pq
i ¼ 1 gðxi�1; xiÞ with mi=1, 0r irq, where g is a kernel function from a single

change point problem, see for example Ferger (2001). Another choice of an appropriate kernel is a kernel, which is the sum
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