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a b s t r a c t

In this paper, we investigate concomitants of record values. We first study their
distributional properties and derive corresponding strong limit theorems.We then propose
algorithms to generate them. We finally consider a new rank correlation coefficient based
on concomitants of records.
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1. Introduction

Let (X, Y ), (X1, Y1), (X2, Y2), . . . , (Xn, Yn), . . . be independent and identically distributed random vectors with continu-
ous bivariate distribution F(x, y) and corresponding marginal distributions H(x) and G(y). In the case of the existence of the
corresponding densities, they will be denoted by f (x, y), h(x) and g(y), respectively. For the sequence of X ’s, the sequences
of record values X(n) and record times L(n) are defined by

L(0) = 0, L(1) = 1,
L(n + 1) = min{j > L(n) : Xj > XL(n)},

X(n) = XL(n), n = 1, 2, . . . .
For the classical properties of record values and times refer, among others, to Nevzorov (2001). Let m ≥ 1 be such that
X(k) = Xm. Then the random variable Y [k] = Ym is called the concomitant of the record value X(k). The concept of con-
comitants of records was first proposed in Houchens (1984). Concomitants of records can be of great interest in various
applications such as insurance, survival analysis, and biostatistics.

Distributional properties of concomitants of records were investigated in Nevzorov and Ahsanullah (2000). In particular,
it was shown that

fZ[1],...,Z[n](x1, y1, . . . , xn, yn) =
f (x1, y1)
1 − H(x1)

. . .
f (xn−1, yn−1)

1 − H(xn−1)
f (xn, yn) (lH < x1 < · · · < xn < rH , yi ∈ R), (1.1)
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where Z[1] = (X(1), Y [1]), . . . , Z[n] = (X(n), Y [n]) and lH = inf{x ∈ R : H(x) > 0} and rH = sup{x ∈ R : H(x) < 1} are
the left and right bounds of the support of H , respectively. Similarly, the left and right bounds of the support of G are also
denoted by lG and rG. By integrating (1.1), we obtain the joint density of Y [1], . . . , Y [n]:

fY [1],...,Y [n](y1, . . . , yn) =


. . .


lH<x1<···<xn<rH

f (x1, y1)
1 − H(x1)

. . .
f (xn−1, yn−1)

1 − H(xn−1)
f (xn, yn)dx1 . . . dxn. (1.2)

Bairamov and Stepanov (2010, 2011) considered the following limit:

lim
x→r−H

G(y) − F(x, y)
1 − H(x)

= β(y) ∈ [0, 1]. (1.3)

They used (1.3) to analyze the asymptotic behavior of the concomitants of records and top order statistics. A classification
of bivariate distributions by values of β is as follows.

(i) Assume that for some c ∈ [−∞, ∞],

β(y) = 0 (y < c) and β(y) = 1 (y > c).

Then the distribution F is said to be a c-stable record-concomitant distribution.
(ii) If such c does not exist, then F is said to be an unstable record-concomitant distribution. The following lemmawas given

in Bairamov and Stepanov (2011).

Lemma 1.1. Assume that the limit in (1.3) exists. Then

P(Y [n] ≤ y) → β(y) (n → ∞).

It follows fromLemma1.1 that if F is an unstable record-concomitant distribution, then there is a non-degenerate limiting
distribution for Y [n]. Naturally, Y [n] does not converge in probability to a constant. On the other hand, when F is a c-stable
record-concomitant distribution, then Y [n]

p
→ c.

Now we present recent generalizations of the Borel–Cantelli lemma obtained in Stepanov (2014). These generalizations
will be used in Section 2 to derive strong limit results for concomitants of records. Suppose that A1, A2, . . . is a sequence of
events defined on a commonprobability space and that Ac

i denotes the complement of the event Ai. Let i.o. be an abbreviation
for ‘‘infinitively often’’. We also define the Markov sequences of events.

Definition 1.1. We say that An (n ≥ 1) is a Markov sequence of events if the sequence of random variables IAn (n ≥ 1) is a
Markov chain.

Lemma 1.2. Let A1, A2, . . . be a Markov sequence of events such that P(An) → 0. Consider the series

∞
n=1

P(Ac
nAn+1). (1.4)

If the series in (1.4) is convergent, then P(An i.o.) = 0. If the series in (1.4) is divergent, then P(An i.o.) = 1.

Lemma 1.3. Let A1, A2, . . . be a Markov sequence of events such that P(An) → 0. Consider the series

∞
n=1

P(AnAc
n+1). (1.5)

If the series in (1.5) is convergent, then P(An i.o.) = 0. If the series in (1.5) is divergent, then P(An i.o.) = 1.

The rest of the paper is as follows. In Section 2, we derive strong limit results for concomitants of records for the case
when F is a c-stable record-concomitant distribution, i.e. when Y [n]

p
→ c. In Section 3,we propose algorithms for generating

concomitants of record values. Finally, in Section 4, we discuss a new rank correlation coefficient based on concomitants of
records.

2. Strong limit theorems for concomitants

In this section, we present strong limit results for concomitants of records.
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