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exists 0 < bjx (p1, P2, - .., Px) < oo such that

j—1)(k—1)/2
nU= DD 2h (01, P2s - D) = bik (P1. P2, - Di) (1)
asn — oQ.
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1. Introduction

Pélya and Szegé (1970, problem 40, p. 42) have shown that for any positive integers j and n,j > 2,
1. nNi a2 !
> ()~ (V) VT (2)
prd k mn 2j

in the sense that the ratio of the two sides goes to 1 as n — oo (for each fixed j). A proof of this using the central limit
theorem is given in Farmer and Leth (2005).
There are several possible generalizations suggested by (2). Here are two of them.

1. Let0 < p < 1and g = 1 — p. For any positive integersn > 1andj > 2, let
- UANIPAN
an,j<p)=k;((k)pq ) 3)
For fixed j and p, how does a, j(p) behave as n — o00?
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2. Let0 < p; < 1,i=1,2,...,kwith2f:1p,'=landkz3.Fixj22andlet

n! j
bujk(P1, ..., 0K = Z (ml’?] "'PZ") , (4)

(n1.n2,....,nK) €Ty k ’

where T, is the set {(n1, ..., Mg) : njisanonnegative integer for1 < i < k, and Z'; n = n}. For each fixed
Js k. p1, ..., pr, how does by j (p1, . .., pr) behave asn — oo?

2. The binomial case

Indeed, ifj = 2 and p = 1/2,(2) provides the answer to question 1 above. A natural open question is to extend Pélya and
Szegd’s result in (2) to powers j > 2 and probabilities p € (0, 1), p # 1/2. Such an extension is given in Theorem 2.1. Our
proof uses the Fourier inversion formula for convergent I; sequences on Euclidean lattices and a local central limit theorem
from probability theory.

Theorem 2.1. Fix0 < p < 1and let ¢ = 1 — p. For any positive integer j > 2,

n'""2a,(p) — 7 @ap(1 —p) " V? asn — oo, (5)
where a,, j(p) is given in Eq. (3).
Proof. First,letj = 2 and let X;, and Y,, be two independent random variables with binomial (n, p) distribution. That is, for
all 0 < k, s < n, k, s and n nonnegative integers,
n n
PXn=kYy=5) = ( )p"q”"‘( )psq”‘s-
k S
Then
n
G2(P) =PXn=Y) =) PXa=KP Yy =k =P (X —Yy=0).
k=0

Now X, — Y, can be written as Y (8/ — 8/), where {8/, 5/",i=1,..., n} are independent Bernoulli random variables

with distribution P (§; = 1) = pand P (§; =0) = q=1—p.If§ = 8§/ — §/,i = 1,2,..., n, then {§;}_, are independent
and identically distributed random variables with distribution

P =0=P(=0=8)+P(8=1=0)=p*+(1-p)?,
P@G=1=P(8=146=0)=p(1—-p)),
PGi=-1)=P(§=08=1)=p(1—p).
Further, X, — Y, = Y i, & foralln > 1. Also, for6 € R,i = /-1,
E (ef951) — p2 + (-l _ p)z +p(-l _ p) (ei9 + e—i@)
=p>+ (1 —p)* +2p(1 —p) — 2p(1 — p)(1 — cosO)
=1-2p(1 —=p)(1 —cosH).
This implies, by independence of §;,i = 1, ..., n, that

4 035
E(e?® ™) =E|e =" | =(1—2p(1—p)(1—coso)".

Also, by the Fourier inversion formula for probability distributions on the integers (Feller, 1968),

PX,—Y,=0) = % (1 —2p(1 —p)(1 — cost))"dt.

-7

Thus,

JiP (X, — Y, = 0) = /ﬁ” P S (6)
nP (X, n_)_h—ﬁn( D p( cosﬁ)) u,
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