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Abstract

We prove the existence and uniqueness of solutions of degenerate linear stochastic evolution equations
driven by jump processes in a Hilbert scale using the variational framework of stochastic evolution equa-
tions and the method of vanishing viscosity. As an application of this result, we derive the existence and
uniqueness of solutions of degenerate parabolic linear stochastic integro-differential equations (SIDEs) in
the Sobolev scale. The SIDEs that we consider arise in the theory of non-linear filtering as the equations
governing the conditional density of a degenerate jump—diffusion signal given a jump—diffusion observa-
tion, possibly with correlated noise.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Let ({2, F, P) be a probability space with the filtration F = (F;)o<,<7 of sigma-algebras
satisfying usual conditions. In a triple of Hilbert spaces (H%*#, H* H*™*) with parameters
n € (0,1] and o > p, we consider a linear stochastic evolution equation given by
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du; = (Leus + f)dVe + (Mous— +g)dM;, t<T, (D
uy = ¢,

where V; is a continuous non-decreasing process, M; is a cylindrical square integrable martin-
gale, £ and M are linear adapted operators, and ¢, f, and g are adapted input functions.

By virtue of Theorems 2.9 and 2.10 in [7], under some suitable conditions on the data ¢, f
and g, if £ satisfies a growth assumption and £ and M satisty a coercivity condition in the
triple (H**#, H*, H*™*), then there exists a unique solution (us)i<r of (1) that is strongly
cadlag in H% and belongs to L2(2 x [0, T], Or,dV,dP; H*TH), where Oy is the optional
sigma-algebra on {2 x [0, T']. In this paper, under a weaker assumption than coercivity (see As-
sumption 2.2 (&, n)) and using the method of vanishing viscosity, we prove that there exists
a unique solution (u;);<7 of (1) that is strongly cadlag in HY for all ' < « and belongs to
L*(2 x [0, T1, dV;dP; H%). Furthermore, under some additional assumptions on the operators
L and M we can show that the solution u is weakly cadlag in H*.

The variational theory of deterministic degenerate linear elliptic and parabolic PDEs was es-
tablished by O.A. Oleinik and E.V. Radkevich in [18,19]. E. Pardoux, in [20], developed the
variational theory of monotone stochastic evolution equations, which was extended in [11,12,8,7]
by N.V. Krylov, B.L. Rozovskii, and I. Gyongy. Degenerate parabolic stochastic partial differ-
ential equations (SPDEs) driven by continuous noise were first investigated by N.V. Krylov and
B.L. Rozovskif in [13]. These types of equations arise in the theory of non-linear filtering of
continuous diffusion processes as the Zakai equation and as equations governing the inverse
flow of continuous diffusions. In [5], the solvability of systems of linear SPDEs in Sobolev
spaces was proved by M. Gerencsér, I. Gyongy, and N.V. Krylov, and a small gap in the proof
of the main result of [13] was fixed. In Chapters 2, 3, and 4 of [23], B.L. Rozovskii offers
a unified presentation and extension of earlier results on the variational framework of linear
stochastic evolution systems and SPDEs driven by continuous martingales (e.g. [20,11-13]). Our
existence and uniqueness result on degenerate linear stochastic evolution equations driven by
jump processes (Theorem 3.3) extends Theorem 2 in Chapter-3—Section 2.2 of [23] to include
the important case of equations driven by jump processes. It is also worth mentioning that the
semigroup approach for non-degenerate SPDEs driven by Lévy processes is well-studied (see,
e.g. [21,22]).

As a special case of (1), we will consider a system of stochastic integro-differential equations.
Before introducing the equation, let us describe our driving processes. Let Pr and Rr be
the predictable and progressive sigma-algebras on {2 x [0, T], respectively. Let n(dt, dz) be
an integer-valued random measure on (Ry x Z, B(Ry) ® Z) with predictable compensator
m(dz)dV;. Let n(dt, dz) = n(dt,dz) — m;(dz)dt be the martingale measure corresponding to
n(dt,dz). Let (Z2, Z2) be a measurable space with Rr-measurable family ntz(dz) of sigma-
finite random measures on Z. Let w, = (w,Q) oeN,t > 0, be a sequence of continuous local
uncorrelated martingales such that d (w?); = dV;, forall o € N. Letd, d> € N. For convenience,
we set (Z1, 21 = (Z, Z) and ntl = ;. We consider the d>-dimensional system of SIDEs on
[0, T] x R% given by

duf = (! + £+ byl + club o) + £ ) Vi + V{us + gl duf

+ / (Itl,z”ﬁ__ + hf(z)) n(dt, dz), 2)
7!
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