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a b s t r a c t

Jibin Li studied “exact explicit travelling wave solutions for (n+1)-dimensional Klein–Gordon–

Zakharov equations.” By using the approach of dynamical system, the author claimed that they

had obtained five classes of exact explicit travelling wave solutions. However, we checked the

results and found two typographical technical errors in the main results. Furthermore, the

author fails to note, for a = 0, b < 0, h ∈ (0, ∞) and a < 0, b > 0, h = 0, there is a family of

periodic wave solutions and a series of breaking wave solutions, respectively.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In [1], Jibin Li studied the following (n+1)-dimensional

Klein–Gordon–Zakharov equations

φtt − �φ + φ = −φψ,

ψtt − c2ψ = �|φ|2, (1.1)

where � is the Laplacian operator and c is the wave’s prop-

agation speed. Eq. (1.1) describe the interaction of the ion

acoustic wave and the Langmuir wave in a plasma, and are an

important class of coupled nonlinear wave model. The func-

tion ψ is the ion density’s deviation from its equilibrium and

the function φ is the electric field’s fast time scale compo-

nent raised by electrons. In order to find exact solutions of

Eq. (1.1), the author assumed that

φ(x, t) = u(ξ)eiη,ψ(x, t) = v(ξ),

η =
n∑

j=1

α jx j + βt, ξ =
n∑

j=1

γ jx j − σ t, x ∈ Rn, t ∈ R, (1.2)
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where α j( j = 1 . . . n), β, γ j( j = 1 . . . n) and σ are travelling

wave parameters. Through a series of transformations, Eq.

(1.1) were reduced to the following two-dimensional Hamil-

tonian system

du

dξ
= y,

dy

dξ
= au + bu3, (1.3)

with the Hamiltonian

H(u, y) = − a

2
u2 − b

4
u4 + 1

2
y2 = h, (1.4)

where a =
∑n

j=1 α2
j
+1−β2∑n

j=1 γ 2
j
−σ 2

, b =
∑n

j=1 γ 2
j

(
∑n

j=1 γ 2
j
−σ 2)(σ 2−c2

∑n
j=1 γ 2

j
)
,∑n

j=1 α jγ j + βσ = 0 and h is the integral constant.

In [1], the author considered the dynamics of the phase

orbits of system (1.3) in the phase plane (u, y) and solved

Eq. (1.1). But when we checked the results, we found that the

exact solutions correspond to homoclinic orbits and hetero-

clinic orbits in [1] were incorrect. In this paper, we reconsider

the dynamics of the phase orbits of system (1.3) and give the

correct exact solutions of Eq. (1.1). Here, we always suppose

that b �= 0. Otherwise, the system (1.3) will be linear system.

With the aid of Maple software, the system (1.3) has different

bifurcations of phase portraits are shown in Figs. 1–4.
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Fig. 1. The bifurcations of phase portraits of (1.3) (a ≤ 0, b < 0).

Fig. 2. The bifurcations of phase portraits of (1.3) (a < 0, b > 0).

2. The exact solutions of system (1.3)

According to the above phase portraits for system (1.3) ,

by using the theory of bifurcations and Jacobian elliptic func-

tions [2], we obtain the following results:

(1) When a < 0, b < 0 (see Fig. 1), the system (1.3) has

an unique equilibrium. The origin O(0,0) is a cen-

tre point. There is a family of periodic orbits of sys-

tem (1.3). It follows from (1.4) that y2 = −b
2 ( 4h

−b
−

2a
b

u2 − u4) = −b
2 (z2

1
+ u2)(z2

2
− u2), where z2

1
= 1

−b
( −

a +
√

a2 − 4hb), z2
2

= 1
−b

(a +
√

a2 − 4hb). As h ∈ (0,

∞), the family of periodic orbits defined by H(u, y) =

Fig. 3. The bifurcations of phase portraits of (1.3) (a > 0, b < 0).

Fig. 4. The bifurcations of phase portraits of (1.3) (a ≥ 0, b > 0).

h of (1.4) gives rise to a family of periodic wave

solutions

u(ξ) = z2cn

(√
−b(z2

1
+ z2

2
)

2
ξ ,

z2√
z2

1
+ z2

2

)
. (2.1)

(2) When a = 0, b < 0 (see Fig. 1), the system (1.3) has an

unique equilibrium. The origin O(0,0) is a centre point.

There is a family of periodic orbits of system (1.3).

It follows from (1.4) that y2 = −b
2 (

√
4h
−b

− u2)(

√
4h
−b

+
u2). As h ∈ (0, ∞), the family of periodic orbits defined
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