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a b s t r a c t

Let C be a smooth irreducible projective curve and E be a stable bundle of rank 2 on C . Then
one can associate a rank 4 vector bundle F2(E) on S2(C), the second symmetric power of
C . Our goal in this article is to study semistability of this bundle.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

It has been an interesting and important object to study vector bundles over smooth projective varieties. The moduli
space of semistable vector bundles with fixed topological invariants is well understood for the case of curves. However the
question of existence of such bundles is open for higher dimensional varieties. In this article we will study the semistability
of certain vector bundles on second symmetric power of a smooth projective curve, which arises naturally.

Let C be smooth irreducible projective curve over the field C of complex numbers and E be a rank r vector bundle on
C . There is a naturally associated vector bundle F2(E) of rank 2r on the second symmetric power S2(C) which is defined
in Section 2. The stability and semi-stability for case r = 1, i.e. when E is a line bundle on C , has been studied and well
understood [1–3]. In this article we consider the case when rank E is two.

Fixing a point x ∈ C , the image of {x} × C in S2(C) defines an ample divisor H ′ on S2(C), which we denote by x + C . We
prove the following:

Theorem 1.1. Let E be a rank two stable vector bundle of even degree d ≥ 2 on C such that F2(E) is globally generated. Then
the bundle F2(E) on S2(C) is µH ′-semistable with respect to the ample class H ′

= x + C.

Theorem 1.2. Assume the genus of C greater than 2. Let E be a rank two (0, 1)-stable bundle (defined in Section 4) of odd degree
d ≥ 1 on C such that F2(E) is globally generated. Then the bundle F2(E) on S2(C) is µH ′-semistable with respect to the ample
class H ′

= x + C.

2. Preliminaries

Let C be a smooth irreducible projective curve over the field of complex numbers C of genus g . On the space C × C ,
consider the following involution C ×C −→ C ×C, (x, y) → (y, x). The resulting quotient space is denoted by S2(C), called
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the second symmetric power of C . It is a smooth irreducible projective surface over C. Note that, S2(C) is naturally identified
with the set of all degree 2 effective divisors of C . Set

∆2 := {(D, p) ∈ S2(C) × C |D = p + q, for some q ∈ C}.

Then ∆2 is a divisor in S2(C) × C , called the universal divisor of degree 2. Let q1 and q2 be the projections from S2(C) × C
onto the first and second factors respectively. Then the restriction of the first projection to ∆2 induces a morphism

q : ∆2 −→ S2(C),

which is a two sheeted ramified covering. For any vector bundle E of rank r on C we construct a bundle F2(E) :=

(q)∗(q∗

2(E) |∆2
) of rank 2r over S2(C). From the exact sequence

0 → OS2(C)×C (−∆2) → OS2(C)×C → O∆2 → 0

on S2(C) × C we get the following exact sequence on S2(C)

0 → q1∗(q∗

2E ⊗ OS2(C)×C (−∆2)) → q1∗q∗

2E → F2(E).

Define f : C × C → ∆2 by (x, y) → (x + y, x). Then f gives an identification between C × C and ∆2. Let pi : C × C → C
be the ith coordinate projection and let π : C × C → S2(C) be the quotient map. Then it is easy to check that π = q ◦ f and
F2(E) = π∗p∗

2E.

Remark 2.1. Let C be a smooth irreducible projective curve over C of genus g and let M be a line bundle on C of degree d.
Consider the rank two vector bundle F2(M) := π∗p∗

2M on S2(C). Using Grothendieck–Riemann–Roch, one can compute the
Chern classes of F2(M):

c1(F2(M)) = (d − g − 1)x + θ

and

c2(F2(M)) =


d − g
2


x2 + (d − g)x.θ +

θ2

2

where x is the image of the cohomology class of x + C in S2(C), θ is the cohomology class of the pull back of the theta
divisor in Pic2(C) under the natural map of S2(C) to Pic2(C) [4, Lemma 2.5, Chapter VIII]. Note that the cohomology group
H4(S2(C), Z) is naturally isomorphic to Z, and x2 = 1, x.θ = g, θ2

= g(g − 1).
To find the Chern character of F2(E), for any rank r vector bundle E, first choose a filtration of E such that the successive

quotients are line bundles and use the fact that F2(⊕Mk) = ⊕F2(Mk) where Mk’s are line bundles over C . Then the Chern
character of F2(E) has the following expression [5]:

ch(F2(E)) = degree(E)(1 − exp(−x)) − r(g − 1) + r(1 + g + θ) exp(−x).

From the above expression one can easily see that c1(F2(E)) = (d − r(g + 1))x + rθ , where d = degree E.

3. Semistability of F2(E), for degree E even

Let C be a smooth irreducible projective curve over the field of complex numbers C of genus g and let E be a rank r vector
bundle on C . In this section we will prove the semistability of the vector bundle F2(E), when r = 2 and degree E is even.
We start with the following definitions.

Definition 3.1. Let C be a non-singular irreducible curve. For a vector bundle F on C we define

µ(F) :=
degree(F)

rank(F)
.

A vector bundle F on C is said to be semistable (respectively, stable) if for every subbundle F ′ of F we have

µ(F ′) ≤ µ(F)(respectively, µ(F ′) < µ(F)).

Definition 3.2. Let X be a smooth irreducible surface and let H be an ample divisor on X . For a coherent torsion free sheaf
F on X , we set

µH(F) :=
degreeH(F)

rank(F)

where degreeH(F) = c1(F) · H.
A vector bundle F on X is said to be µH-semistable (respectively, µH-stable), if for every coherent torsion free subsheaf

F ′ of F with 0 < rank(F ′) < rank(F), we have

µH(F ′) ≤ µH(F)(respectively, µH(F ′) < µH(F)).
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