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h i g h l i g h t s

• Rapid changes in the flux and energy are essential for downshift.
• Rogue waves typically do not develop after permanent downshift.
• Linear damping by the wind weakens downshifting.
• Forcing by the wind enhances downshifting.
• Downshift occurs earlier for rogue waves of greater strength.
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a b s t r a c t

In this paper we investigate the effects of wind and nonlinear damping on permanent downshift and the
formation of roguewaves in the framework of a HONLSmodel.Wind effects are incorporated by including
a uniform linear damping/forcing term in the model. The strength of the wind, Γ , is allowed to vary as
well aswind duration. Determining permanent downshift is not straightforward andwepropose a criteria
for permanent downshift related to our numerical experiments.

We consider large ensembles of initial data for modulated unstable Stokes waves with N = 1, 2, 3
unstablemodes. In the nonlinear dampedHONLS evolutionwe find that permanent downshift is observed
whenever the strength of the nonlinear damping β > 0.1. Notably, rogue waves typically do not develop
after the time of permanent downshift, implying that a downshifted sea-state does not allow for any
further rogue waves. Incorporating wind effects into the nonlinear damped HONLS model, we find that
damping by the wind weakens downshifting while forcing by the wind enhances downshifting.

The proximity of the initial data to unstable plane waves impacts the characteristic features of the
rogue waves in the nonlinear damped HONLS evolution. We find that as the initial data is chosen closer
to the plane wave, the maximum strength, number, and lifetime of rogue waves increase while the time
of permanent downshift decreases. Alternatively, we show that the greater the wave strength, the more
rogue waves, or the longer their lifetime, the earlier permanent downshift occurs.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Associated with the Benjamin–Feir or modulational instability,
where small perturbations of the Stokes wave lead to exponential
growth of the sidebands, is a host of interesting phenomena, two
of which are frequency downshifting and rogue waves. One of the
simplest descriptions of the modulational instability is provided
by the nonlinear Schrödinger (NLS) equation which has been used
as a first approximation for modeling rogue waves and addressing
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downshifting. Lake et al. investigated analytically and experimen-
tally the evolution of themodulational instability [1,2]. In their lab-
oratory experiments, when the initial steepness of the waves was
small, the wave trains experienced Fermi–Pasta–Ulam recurrence.
On the other hand, when the wave steepness was large, the lower
and upper sidebands grew at different rates and the energy was
permanently transferred from the carrier to a lower sideband, re-
sulting in permanent frequency downshift. The corresponding nu-
merical experiments using the conservative NLS equation showed
a cyclical transfer of energy between the carrier and the sidebands,
which is consistent with the observed recurrence for the waves
with small steepness. Since the NLS equation preserves the sym-
metry of the Fourier components, it was not able to describe the
downshift dynamics observed for waves with larger steepness.
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The Dysthe equation, obtained by retaining terms through
fourth order in an asymptotic expansion for the surface displace-
ment, introduces asymmetrywith respect to space translations [3].
The higher order corrections have a significant effect on the evolu-
tion of themodulational instability and it was conjectured that the
Dysthe equationmight capture the permanent downshift observed
in the laboratory experiments. However, only temporary down-
shifting is obtained near the peaks of the modulation in numerical
experiments [4]. Even though the momentum is not conserved by
the Dysthe equation, there is insufficient change in the flux to al-
low for permanent downshift. Recently the Dysthe equation was
brought into Hamiltonian form, providing a new higher order non-
linear Schrödinger (HONLS) equation [5]. Permanent downshift is
not possible in the HONLS equation, even when steep waves are
encountered, as the energy and momentum, and thus the spectral
center, are conserved.

Although a study of random waves with Gaussian spectrum
yielded permanent downshift in an undamped Dysthe’s equa-
tion [6], the general consensus is that damping plays an im-
portant role in downshifting. Recent studies on the effects of
dissipation on the Benjamin–Feir instability have shown nu-
merically and in laboratory experiments that linear damping,
even when weak, stabilizes the instability [7]. The exponen-
tial growth of the sidebands may no longer be saturated by
the nonlinearity, rather the growth may be bounded by dis-
sipation before the nonlinear terms become significant [7,8].
However, permanent downshift does not occur in higher order
nonlinear Schrödinger models with only linear damping as the en-
ergy andmomentum decay at the same rate which keeps the spec-
tral center constant. Once nonlinear dissipation was included in
Dysthe type models, permanent downshift was obtained for both
breaking waves [9] and non-breaking waves [10,11].

The perturbed Stokes wave initial data used in Lake’s experi-
ments are close to initial data for special solutions of the NLS equa-
tion: the multi-mode homoclinic orbits of unstable Stokes waves
with N unstable modes (UMs). We refer to these homoclinic or-
bits, with M ≤ N modes excited, as the M mode spatially periodic
breather solutions (SPBs), which include the Akhmediev breathers
when N = 1. The SPBs capture the nonlinear stage of the mod-
ulational instability and are widely used to model rogue waves
since they are transient, localized, and steep [12–14]. One and
two mode SPBs have analytically been shown to persist in a con-
servative broadband HONLS equation [13]. In this paper we use
modulated unstable Stokes waves initial data to simultaneously
numerically investigate downshifting and rogue waves.

In our earlier study on rogue waves and downshifting using the
new HONLS equation with nonlinear damping of the mean flow,
the initial data were carefully chosen perturbations of unstable
Stokes waves with three UMs, close to initial data for steep
coalesced three-mode SPB solutions of theNLS equation. Due to the
steepness of the waves, permanent downshift (here downshifting
of the wavenumber is considered) occurred for all values of the
nonlinear damping parameter β considered, 0.05 < β < 0.75
in the numerical experiments. Significantly, for Stokes waves with
three UMs it was shown that roguewaves did not develop after the
wavenumber is permanently downshifted [15].

The nonlinear damping considered is such that steeper waves
result in significantly stronger damping (see Fig. 1). A natural
question, which we address in this paper, is whether permanent
downshift and the cessation of rogue waves after permanent
downshift will be obtained when there are fewer unstable modes
initially and thewaves have smaller strength. Another novel aspect
we investigate is how wind affects downshifting and rogue wave
formation as well as the relation between the two phenomena.We
conduct a broad numerical investigation of the effects of wind and
nonlinear damping on permanent downshift and the formation of

rogue waves in the framework of the HONLS model. Wind effects
are incorporated by including a uniform linear damping/forcing
term in the model. The strength of the wind, Γ , is allowed to
vary as well as the duration of the wind, i.e. the wind acts for
limited time 0 ≤ t ≤ Twind. Additional questions addressed in
the current study are: (i) whether the proximity of initial data to
underlying instabilities of the plane wave affects rogue waves and
downshifting and how tomeasure this and (ii) how the strength of
the waves affects the time of permanent downshift.

We consider large ensembles of initial data for modulated
unstable Stokes waves with N UMs (referred to as the N UM
regime). The initial data used in these experiments are more
general than in the earlier study since the initial data are generic
perturbations of Stokes waves which yield waves with smaller
strength. Typically we examine theN = 1, 2 UM regime. For some
of the issues not previously addressed, e.g. the combined effects
of wind and nonlinear damping, the N = 3 UM regime is also
examined.We assume thewaves do not break and that asymmetry
develops on the same timescale as the action of the wind and
nonlinear damping.

Section 2 provides background material: the properties of the
governing equations, a linear stability analysis of Stokes waves for
the new nonlinear damped HONLS, and the setup of the numerical
experiments. As a point of comparison for the nonlinear damped
HONLS evolution, we review the construction of rogue waves in
the NLS equation and their appearance in the conservative HONLS
equation (Section 3). Linear damping by the wind is examined in
Section 4which shows only temporary downshifting, as the theory
predicts. In Section 5 nonlinear damping is introduced to themodel
and its effect on rogue waves and downshifting is quantified.
Permanent downshift is observed, even for waves with smaller
steepness, whenever the strength of the nonlinear damping
β > 0.1. Notably, rogue waves typically do not develop after the
time of permanent downshift, implying that a downshifted sea-
state does not allow for any further rogue waves. Additionally,
we examine how the proximity of initial data to the plane wave
shown impacts downshifting and the features of the rogue waves.
The effect of wind and nonlinear damping on rogue waves and
downshifting is considered in Section 6 where it is shown that
damping by the wind weakens downshifting while forcing by the
wind enhances downshifting.

2. Analytical background

2.1. Governing equations

Recently Gramstad and Trulsen brought the Dysthe equation,
which approximately describes the evolution of slowly modulated
periodic wave trains in deep water, into Hamiltonian form [5]. We
add a linear damping/forcing term to the model to incorporate
wind effects and a nonlinear damping term, the β-term, to model
damping of the mean flow:
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dξ is the Hilbert transform of f . Periodic

boundary conditions, u(x, t) = u(x + L, t), are considered. When
β = Γ = 0 Eq. (1) is referred to as the HONLS equation.

As can be deduced from Eq. (3), nonlinear damping requires
β > 0. Fig. 1 shows |u(x, t)| (solid line), and the corresponding β-
term |u


H


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
x | (dashed line), when the wave train is strongly

modulated at t = t∗. The β term is large only near the two steep
crests at x ≈ −7 and x ≈ 2.5 while the β term is nearly negligible
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