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a b s t r a c t

A wedge-shaped failure mechanism occurs when a composite ply in a laminate is loaded under trans-
verse compression. Therefore failure models developed for tension are not straightforwardly applicable
to compression. For models that represent matrix cracks as discontinuities, the inclined crack topology
complicates algorithms considerably. In this paper, a method is introduced to approximate the behavior
of inclined cracks while avoiding these complications. Rather than adapting the crack topology, a trans-
formation is applied in the evaluation of the cohesive law. The method is applied on predefined interface
elements in a 2D model, as well as on cohesive segments in the extended finite element method in a 3D
model. It is found that the compressive failure of composite laminates including the wedge effect can be
approximated accurately with this method using a vertical crack plane. In 3D, a variable fracture plane
angle is taken into account with the method, which means that the whole range of failure modes, from
tensile through shear-dominated to compressive failure can be covered in a single approach.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

During failure of composite structures, different failure pro-
cesses may occur and interact. In composite laminates, the failure
processes that are typically distinguished are fiber rupture, fiber
kinking, matrix cracking, fiber–matrix debonding and delam-
ination. Even though the individual processes occur on a small
scale, a combination can eventually lead to ultimate failure of the
structure. The complexity of the global failure process makes the
development of reliable computational models for prediction of
failure in composites both important and challenging. Much can
be gained if reliable methods for the virtual testing of composites
become available [1,2], but there are still challenges on different
scales of observation.

A relevant scale of observation for composite failure is the
mesoscale, where plies are modeled separately, but the
microstructure of fibers and matrix material is not explicitly taken
into account. A mesoscale model typically consists of a single layer
of elements per ply or ply block. In this way, distinction between
delamination and ply failure is easily made. Delamination can be
properly modeled with interface elements (see e.g.[3–5]). To model
ply failure, continuum damage mechanics methods have been
developed that distinguish between fiber failure and inter-fiber

failure [6–8], also in compression [9]. However, Van der Meer
and Sluys have shown that such models do not always lead to a
correct representation of inter-fiber cracks [10]. Therefore, an
approach where matrix cracks are represented as discrete dis-
continuities is to be preferred. This is possible with predefined
interface elements [11–13], but with the high number of matrix
cracks that may appear in a laminate, a mesh-independent repre-
sentation with the extended finite element method (XFEM) is more
suitable [14–19]. The XFEM, originally proposed by Moës et al.
[20], allows for cracks to run through elements.

Inter-fiber failure can occur in different modes, depending on
the loading. When a tensile transverse stress acts on the laminate,
failure occurs with a fracture plane perpendicular to the mid plane
of the ply. In compression load cases with a relatively high shear
stress, shear dominated failure occurs where the fracture plane is
still perpendicular to the mid plane of the ply. For compressive
load cases with a relatively high compressive stress compared to
the shear stress, compressive failure occurs where the fracture
plane is inclined with respect to the mid plane of the ply. Puck
and Schürmann [21] found that for pure compressive loading, the
fracture plane tends to be inclined with respect to the plane per-
pendicular to the load with an angle of 53�. Dávila et al. [22] devel-
oped a set of ply failure criteria, where the critical crack plane
angle for transverse compressive failure is determined iteratively
depending on the compressive stress and shear stress in a plane
stress situation. The dependence of the fracture angle on the stress

http://dx.doi.org/10.1016/j.compstruct.2015.03.035
0263-8223/� 2015 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: f.p.vandermeer@tudelft.nl (F.P. van der Meer).

Composite Structures 128 (2015) 115–121

Contents lists available at ScienceDirect

Composite Structures

journal homepage: www.elsevier .com/locate /compstruct

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2015.03.035&domain=pdf
http://dx.doi.org/10.1016/j.compstruct.2015.03.035
mailto:f.p.vandermeer@tudelft.nl
http://dx.doi.org/10.1016/j.compstruct.2015.03.035
http://www.sciencedirect.com/science/journal/02638223
http://www.elsevier.com/locate/compstruct


state was confirmed experimentally in off-axis compressive tests
on unidirectional specimens by Koerber et al. [23].

A generic model for predictive simulation of the complete failure
process in laminates must account for the difference in crack topol-
ogy of compressive failure compared to tensile and shear dominated
failure. According to Puck and Schürmann [21], the inclined cracks
can have an explosive effect because of their wedge shape which
adds to the importance of including this geometric feature in failure
models. However, recent models that make use of the XFEM for
modeling matrix cracks [14–19] do not include a representation of
inclined compressive cracks. So far, the assumption is made in these
models that cracks are perpendicular to the ply mid-plane. This
restricts the applicability of these models to tension or shear domi-
nated load cases. Although it is possible to account for the angle of
the fracture plane explicitly with the XFEM, the complexity of the
algorithms that deal with the intersection of finite elements by the
crack plane increases significantly when the crack plane is no longer
perpendicular to the mid-plane of the ply.

In this paper, a method is presented that extends the applicabil-
ity of the XFEM to transverse compressive failure while avoiding
these complications. In order to achieve this, the compressive
behavior of inclined cracks is modeled by applying a trans-
formation of the cohesive law rather than providing an explicit
representation of the crack topology. In Section 2, the method is
introduced in 2D for pure compressive loading. It is applied to
the cohesive law of interface elements that predefine the crack
location and compared to a model where the inclined crack topol-
ogy is incorporated. In Section 3, the method is applied to a 3D sit-
uation in the XFEM in which the fracture plane angle is made
dependent on the stress state at the crack tip.

2. 2D Model

In this section, the method is described with which the behavior
of compressive matrix cracks is approximated by applying a trans-
formation of the cohesive law of interface elements perpendicular
to the mid plane of the ply. For verification, the method is first
applied to a unidirectional (UD) specimen loaded in transverse
compression and compared to a model where the crack topology
is predefined in the mesh with interface elements. Secondly, the
effect of the transformation on modeling compressive matrix
cracking followed by delamination is assessed with the analysis
of a ½0=90�s laminate. A plane strain condition is considered
throughout this section.

2.1. Interface Elements Formulation

Interface elements with the mixed mode damage law from
Turon [4,24] serve as a basis for the transformed interface model.
However, the transformation proposed below is applicable to any
cohesive law. The cohesive law that relates the cohesive traction
t, applied to the crack surface, to the size of the displacement jump
j, is denoted

t ¼ tðjÞ ð1Þ

The cohesive law ensures that the interface elements initially
approximate rigid behavior until a certain failure criterion is
reached. Most, if not all, cohesive laws implement different behav-
ior for normal deformations than for sliding deformations. This is
done, among other reasons, because a negative displacement jump
in normal direction should be prevented. In cohesive laws with
damage, this is typically achieved by de-activating damage in nor-
mal direction in case of a negative displacement jump. In this way,
the original high stiffness is recovered in normal direction when
the crack faces are in contact.

In an interface element with 2m nodes, the displacement jump
is defined as:

j ¼ Na ð2Þ

With the shape function matrix

N ¼
N1 0 . . . Nm 0 �N1 0 . . . �Nm 0
0 N1 . . . 0 Nm 0 �N1 . . . 0 �Nm

� �
ð3Þ

and

aT ¼ fa1x; a1y; . . . ; a2mx; a2myg ð4Þ

where Ni is the shape function associated with node i and aT
i are the

displacements of node i.
The displacement jump j in the global coordinate system is

transformed to j in the local fn; sg-frame before the cohesive law
is evaluated in terms of local coordinates. For every integration
point, this is done by rotation matrix Ru that maps the global coor-
dinates to the local coordinates. In 2D, it holds:

j ¼
jn

js

� �
¼

cosðuÞ sinðuÞ
� sinðuÞ cosðuÞ

� �
jx

jy

" #
¼ Ruj ð5Þ

where u is the angle between global x-axis and local n-axis. In the
local coordinate system, the cohesive law (1) is applied to obtain
the traction vector t and its linearization with respect to the dis-

placement jump T ¼ dt=dj. The quantities t and T are transformed
back into the global fx; yg-frame with the transposed rotation
matrix RT

u:

t ¼ RT
ut ð6Þ

T ¼ RT
uTRu ð7Þ

The element force vector felem and the element stiffness matrix
Kelem are then defined by an integral over the surface domain of the
interface elements Ci:

felem ¼
Z

Ci

NTt dC ð8Þ

Kelem ¼
Z

Ci

NTTN dC ð9Þ

2.2. Description

The method of applying a transformation to the cohesive law of
an interface element, referred to as the ‘transformed interface
model’, is explained in this section for a 2D situation. An elemen-
tary ply is considered, as shown in Fig. 2. The fiber orientation is
perpendicular to the load direction, which means that the material
is isotropic in the plane of the analysis. For pure compressive load-
ing, the angle between the fracture plane and the plane perpen-
dicular to the load, a, (see Fig. 2) can be considered to be a
material property a0 ¼ 53� [21].

In order to approximate an inclined crack using vertical inter-
face elements, the transformed interface model evaluates the cohe-
sive law in the inclined fracture plane rather than in the plane
aligned with the element. An additional coordinate frame is intro-
duced. While the fn; sg-frame remains aligned with the interface
element, the new fn�; s�g-frame follows the actual inclined crack
plane. Instead of adjusting the angle of the original rotation matrix,
an extra rotation is added to the model. In this way the trans-
formation can be implemented as a wrapper around an existing
cohesive law code. The transformation of the displacement jump

j from the local fn; sg-frame to j� in the inclined fn�; s�g-frame as
shown in Fig. 1 is done by the rotation matrix Ra:
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