
Fault diagnosis and fault tolerant tracking control for the non-Gaussian
singular time-delayed stochastic distribution system with PDF
approximation error

Lina Yao n, Long Feng
School of Electrical Engineering, Zhengzhou University, Zhengzhou 450001, China

a r t i c l e i n f o

Article history:
Received 4 February 2015
Received in revised form
11 August 2015
Accepted 25 October 2015
Communicated by Bin He
Available online 2 November 2015

Keywords:
Fault diagnosis
Fault tolerant control
Time delay
Stochastic distribution control
Probability density function

a b s t r a c t

In this paper, fault diagnosis and fault tolerant tracking control algorithms are proposed for the non-
Gaussian singular time-delayed stochastic distribution control system. The square root B-spline model is
used to approximate the output probability density function (PDF), and the PDF approximation error is
taken into consideration. A fault diagnosis approach based on the adaptive observer is constructed to
diagnose the size of fault in the singular stochastic distribution control (SDC) system. When fault occurs,
in order to track the expected PDF, a distribution tracking error dynamic system is established. The
purpose of fault tolerant tracking control is transformed into making the distribution tracking error at
each time instant satisfy a certain upper bound beyond a limited time. Then the fault tolerant controller
is designed using the fault diagnosis information and other measurable information. A simulation
example is included to illustrate the effectiveness of the proposed algorithms and encouraging results
have been obtained.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Stochastic distribution control (SDC) is a new branch of sto-
chastic system control in which the system output is the non-
Gaussian probability density function (PDF) of the system output.
SDC theory was proposed by Professor Wang Hong in 1996 [1],
which has drawn considerable attentions in the past decades.
Many interesting control algorithms such as robust tracking con-
trol, fault tolerant control and minimum entropy control algo-
rithms have been developed [2–5]. In literature 5, a robust tracking
controller via an augmentation control and linear matrix
inequality (LMI) was proposed for the uncertain singular SDC
system using an instant performance index.

To improve the reliability and security of practical control sys-
tems, fault diagnosis (FD) and fault tolerant control (FTC) has long
been an important domain of control theory and applications. A
number of FD approaches for non-Gaussian singular SDC system
have been proposed in recent years [6–9], but few literatures
focused on FTC. In literature [8], an iterative learning observer is
designed to diagnose the fault in the non-Gaussian singular sto-
chastic distribution system. Based on the estimated fault informa-
tion, the optimal fault tolerant controller is designed to make the
post-fault PDF still track the given distribution. In literature [9], an

anti-disturbance fault diagnosis scheme is proposed for the non-
Gaussian stochastic distribution control system with multiple dis-
turbances, in which a disturbance observer is designed to estimate
and compensate the model disturbance, and H-infinity optimiza-
tion technology is applied to attenuate the norm bounded dis-
turbance. There are some FD results for general SDC systems with
PDF approximation error [10,11], but few research results are about
the FD of singular SDC systems with PDF approximation error, let
alone the FTC of singular SDC systems.

When fault occurs in a safe-urgent system such as chemical
processes, timely fault diagnosis has become a significant issue.
However, because of the data processing and transmission, time
delay widely exists in practical control systems. The existence of time
delay will make FD, FTC and the closed-loop stability analysis more
difficult. It is noted that some FD and FTC algorithms have been
proposed in time-delayed SDC systems [12–15]. In literature [15], the
rational square-root B-spline is used to approach the output PDF of
the non-Gaussian time-delayed stochastic distribution control sys-
tem. A nonlinear neural network observer-based fault diagnosis
algorithm was proposed to diagnose the fault and a fault tolerant
controller based on PI tracking control scheme is designed to make
the post-fault PDF still track the given distribution.

Dynamic link relations between the inputs and the weights
exist in the above mentioned SDC systems. However, in practice,
some algebraic relations also exist between the input and the
weights, leading to a singular state space model between the
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weights vector and the control input. Such systems are called
singular stochastic distribution control systems. The final purpose
of the grinding processes is to obtain ore pulp with certain fine-
ness distribution by grinding the raw ore, which is a typical sto-
chastic distribution control system. The main control system of the
grinding process, such as the amount of ore, amount of water,
amount of the second water, sump level, cyclone feed concentra-
tion, pressure, rate of flow, have direct influence on the probability
density function of fineness distribution. Such control systems can
be regarded as the input control variables which control the sys-
tem output probability density function. It shows that a singular
stochastic distribution control model between the probability
density function and the multilevel control loops composed of the
above mentioned main control systems can be built [5,8,16]. The
contribution of this paper is that active fault tolerant control is
first realized for the non-Gaussian singular time-delayed sto-
chastic distribution control system with PDF approximation error.

As described above, only a few work was focused on the sin-
gular SDC system, and almost no study considered the time delay
factor in singular SDC system. This forms the purpose of our work
that fault diagnosis and fault tolerant tracking control algorithms
for the non-Gaussian time-delayed singular stochastic distribution
control system are formulated in this paper. To estimate the fault
occurred in the SDC system with PDF approximation error, an
adaptive observer is constructed. A fault tolerant tracking con-
troller is designed to let the distribution tracking error at each
time instant satisfy a certain upper bound.

The rest of this paper is organized as follows. The model
description is given in Section 2. In Section 3, a fault diagnosis
algorithm is proposed. A fault tolerant tracking controller is
designed in Section 4. Simulation results are included in Section 5.
Finally, some concluding remarks are shown in Section 6.

2. Model description

Denote γ y;u tð Þð Þ as the probability density function of the
system output with y being defined on a known bounded interval
a; b
� �

, the continuous singular time-delayed SDC system can be
expressed as follows:

E _x tð Þ ¼ Ax tð ÞþAdx t�τð ÞþBu tð ÞþNF tð Þ ð1Þ

V ¼Dx tð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ y;u tð Þð Þ

p
¼ C yð ÞV tð Þþh V tð Þð ÞBn yð Þþe0 y; tð Þ; yA a; b

� � ð2Þ

where x tð ÞARn is the state vector, V tð ÞARn�1 is the weight vector,
u tð ÞARm is the control input vector and F tð ÞARm is the fault vector
and τ is the time delay term. AARn�n;BARn�m;DAR n�1ð Þ�n; EARn�n

and NARn�m are system parameter matrices with rank Eð Þ ¼ qon
(i. e. E is a singular matrix ). Eq. (2) represents the static model of
the output probability density function (PDF) approximated by the
square-root B-spline model. In Eq. (2), it is denoted that

C yð Þ ¼ ϕ1 yð Þ;ϕ2 yð Þ;…;ϕn�1 yð Þ� �
V ¼ ½ω1;ω2;…;ωn�1�T Va0ð Þ

where ϕi yð Þ i¼ 1;2;…n; nZ2ð Þ is the pre-specified basis functions,
ωi i¼ 1;2;…nð Þ is the approximation weight which is only related to
u(t), n is the number of basis functions and e0 y; tð Þ is the PDF
approximation error.

The following lemma and assumptions are used throughout
this paper.

Lemma 1 (Zhou et al. [5]). The pair E;Að Þ is admissible including
regular, impulse free and stable if and only if there is a matrix P such

that the following equality and inequality hold

ETP ¼ PTEZ0

ATPþPTAo0

Assumption 1. h(V) satisfies the Lipschitz condition, i. e. Jh V1ð Þ�
h V2ð ÞJr JMh V1�V2ð ÞJ where Mh is a known matrix.

Assumption 2. The fault occurred in SDC system is bounded, i. e.
JF JrMf =2; J ~F jrMf , where Mf is a positive constant.

Assumption 3. The approximation error is bounded, i. e. Je0 y; tð ÞJ
r Mρ=ðb�aÞ, where Mρ is a positive constant.

With the above assumption and lemma, there are invertible
matrices L1; L2 to make the following equations hold

E ¼ L1EL2 ¼
Ir�r 0
0 0

" #
; P ¼ L1PL

�T
2 ¼ P11 P12

P21 P22

" #

EP
T ¼ PE

T
Z0

where P11 ¼ P
T
11Z0; P21 ¼ 0.

Remark 1. In practice, the limited invariant basis functions and
the statistical sampling [1] will lead to an idea PDF approximation
that does not exist. In other words, in practice the approximation
errors always exist. Therefore, it is much general to consider the
approximation error e0 y; tð Þ in the output SDC systems.

3. Fault diagnosis

When fault occurs, fault diagnosis should be carried out to
obtain the information of the fault. For this purpose, the following
fault diagnosis observer can be constructed as

E _̂x tð Þ ¼ Ax̂ tð ÞþAdx̂ t�τð ÞþBu tð ÞþNF̂ tð ÞþLε tð Þ
V̂ ¼Dx̂ tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ̂ y;u tð Þð Þ

q
¼ C yð ÞV̂ tð Þþh V̂ tð Þ

� �
Bn yð Þ

_̂F ¼ �Γ1F̂þΓ2ε tð Þ

ε tð Þ ¼
Z b

a

ffiffiffi
γ

p �
ffiffiffî
γ

q� �
dy

¼Σ1DeþΣ2 h Vð Þ�h V̂
� �h i

þρ tð Þ ð3Þ

where x̂ tð Þ is the estimated system state vector, ε tð Þ is the residual
signal at time t, e1 tð Þ ¼ x tð Þ� x̂ tð Þ;Σ1 ¼

R b
a C yð Þ dy;Σ2 ¼

R b
a Bn yð Þ dy;

ρ tð Þ ¼ R b
a e0 y; tð Þ dy, thus Jρ tð ÞJrMρ, L and Γi i¼ 1;2ð Þ are gain

matrices with appropriate dimensions to be determined later.

Remark 2. ρ tð Þ is the integral of the PDF approximation error e0
y; tð Þ on interval a; b

� �
. The purpose of fault diagnosis of the non-

Gaussian SDC system with PDF approximation error and time delay
term is to still estimate the change of fault accurately when the PDF
approximation error and the time delay factor are considered. For
the stability analysis of the following observation error dynamic
system, the influence of ρ tð Þ should certainly be considered.

The observation error dynamic system can be formulated as
follows:

E _e1 ¼ E _x�E _̂x ¼ Ae1 tð ÞþAde1 t�τð ÞþN ~F�Lε tð Þ
¼ A�LΣ1Dð Þe1 tð ÞþAde1 t�τð ÞþN ~F�LΣ2 h Vð Þ�h V̂

� �h i
�Lρ tð Þ

ð4Þ
Let L�1

2 e1 tð Þ ¼ ξ1 tð Þ ξ2 tð Þ� �T ¼ ξ tð Þ and it can be obtained that

E _ξ ¼ L1 A�LΣ1Dð ÞL2ξ tð ÞþL1AdL2ξ t�τð ÞþL1N ~F�L1LΣ2

h
h Vð Þ
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