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a b s t r a c t

Recently, previous results of fuzzy observer-based output feedback control design of discrete-time
nonlinear systems have been relaxed by using a multi-samples’ method but it is not very mature. This
study presents some developments which give a family of feasible solutions to improve the design
quality of the recent result. To accomplish this work, an systematic multi-samples’ approach that is
parameter-dependent on normalized fuzzy weighting functions on optional multi-samples’ points is
presented in the interest of making good use of more helpful information of the discrete-time nonlinear
systems. Furthermore, a new Lyapunov function candidate is given to cooperate with the proposed
approach while those redundant terms composed of a set of combinations of the tþ1 sampled point are
removed. As a result of the above efforts, the main defects of the recent result can be overcome and its
conservatism is further reduced by an efficient way. In particular, a compromising solution in aspect of
not only reducing the conservatism but also suppressing the computational burden is obtained in the
special case of m¼1. Finally, an illustrative example is given to validate the effectiveness of the approach
presented in this study.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Fuzzy logic that is made of fuzzy rules based on linguistic
knowledge is one complement to mathematical knowledge in
addressing systems whose dynamics are not so well understood
and whose models cannot be so conveniently established [1,2]. In
1985, the Takagi–Sugeno (T–S) fuzzy model given in [3] was pro-
posed to cope with the analysis of nonlinear dynamical systems.
Today's nonlinear control studies [4–10] are highly based on the
T–S fuzzy model. Owing to the usage of the so-called single
quadratic Lyapunov function, finding Lyapunov functions is still a
hard mission, particularly, for complicated T–S fuzzy systems [11].
A main reason for the difficulty is that the requirement of a
monotonically decreasing condition with respect to time for a
given single Lyapunov matrix is sometimes too strict [12]. For the
sake of relaxing this restriction, different kinds of nonparallel
distributed compensation control laws have been proposed in
recent years, see [13–17] and the cited literature therein. Because
more information of the current-time normalized fuzzy weighting
function is involved into the process of control design, the

conservatism of control synthesis of T–S fuzzy control systems has
been becoming more and more relaxed since the past five years.

Usually, most of the aforementioned research literature are on
the basis of the assumption that all the system states are mea-
surable, which is not satisfied for most practical systems. In order
to overcome this obstacle, a lot of related research works, for
instance, filter designs based on the T–S fuzzy model [18–23],
different fuzzy observer designs [24–27], static output feedback
control of T–S fuzzy systems [28], dynamic output feedback con-
trol of T–S fuzzy systems [29], fuzzy observer-based output feed-
back control designs [30,31], have been developed in recent years.
Particularly, the obtained design conditions in [30] were presented
for calculating a family of observer-based controllers by means of
bilinear matrix inequalities which were not convex and NP-hard to
be implemented. As an alternative, two-step procedure was often
used but much conservatism was inevitably introduced. Recently,
a single-step linear matrix inequality method has been presented
in [31]. Using the result given in [31], both the controller and
observer parameters have been provided by means of a family of
strict linear matrix inequalities, which are numerically feasible
with the help of commercially available software. It is noteworthy
that the recent approach proposed in [31] is not very mature as it
can be summarized by two main reasons as follows: (A) Despite
announcing that a multi-samples’ method is applied, there are
only three sampled points involved in the result of [31], i.e.,
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t�1; t; tþ1, respectively. Actually, the problem of developing a
systematic multi-samples’ approach (the one that can be
parameter-dependent on normalized fuzzy weighting functions on
optional multi-samples’ points) is still unsolved. In general words,
the information of multi-samples’ normalized fuzzy weighting
functions has not been fully used in [31]. (B) Since more infor-
mation about normalized fuzzy weighting functions on the above
three sampled points is considered in [31], the obtained result has
become less conservative but some redundant matrix-valued
terms have also introduced which always play a negative role in
the design process (as a result, the computational burden increases
rapidly). Considering this fact, it is very important to find a way to
remove these redundant terms. Now, the problem of finding an
efficient way to resolve the above two problems needs to be fur-
ther investigated, which motivates us to actualize the study.

Inspired by the aforementioned concerns, the aim of this study
is to investigate the issue of relaxed fuzzy observer-based output
feedback controller designs by developing an extended dimension
approach, which gives a compromising solution to overcome two
main defects of the recent result [31]. To accomplish this work, an
systematic multi-samples’ approach that is parameter-dependent
on normalized fuzzy weighting functions on optional multi-sam-
ples’ points is presented and therefore more helpful information of
the discrete-time nonlinear systems can be integrated into control
design. In other words, the problem of finding an efficient way to
resolve the first problem in [31] is successfully resolved in the
study. Furthermore, a new Lyapunov function candidate is given to
cooperate with the proposed approach while those redundant
terms composed of a set of combinations of the tþ1 sampled point
are removed in what means the second problem in [31] is also
resolved. As a result of the above efforts, the two main defects of
the recent result are overcome and the conservatism can be fur-
ther reduced by an efficient way. In particular, a compromising
solution in aspect of not only reducing the conservatism but also
suppressing the computational burden is obtained in the special
case of m¼1.

Notations: Throughout this study, an asterisk (n) located inside
a matrix stands for the transpose of its symmetric term; Zþ
represents the set of positive integers; R represents the set of real
numbers; p! denotes factorial, i.e., n1!¼ n1ðn1�1Þ⋯ð1Þ for n1AZþ
with 0!¼ 1; For one matrix, HeðMÞ is defined as HeðMÞ ¼MþMT .
Furthermore, the left-hand side of a relation is defined as Left( � ).

2. Preliminaries

A discrete-time complex nonlinear dynamical system is
approximated by the following T–S fuzzy model [31]:

xðtþ1Þ ¼ AzðtÞxðtÞþBzðtÞuðtÞÞ
yðtÞ ¼ CzðtÞxðtÞ;

(
ð1Þ

where xðtÞARn1 denotes the system state vector; uðtÞARn2 denotes
the control input vector; yðtÞARn3 denotes the measurement
output vector; AzðtÞ ¼

Pr
i ¼ 1 hiðzðtÞÞAi, BzðtÞ ¼

Pr
i ¼ 1 hiðzðtÞÞBi,

CzðtÞ ¼
Pr

i ¼ 1 hiðzðtÞÞCi, Ai, Bi and Ci are system matrices; hiðzðtÞÞ is
the i-th normalized fuzzy weighting function.

Recently, an observer-based controller has been proposed in
[31] and its form is represented as follows:

x̂ðtþ1Þ ¼ AzðtÞx̂ðtÞþBzðtÞuðtÞþG�1
zðt�1ÞzðtÞKzðt�1ÞzðtÞðyðtÞ� ŷðtÞÞ;

ŷðtÞ ¼ CzðtÞx̂ðtÞ;
uðtÞ ¼ α�1

zðt�1ÞzðtÞFzðt�1ÞzðtÞx̂ðtÞ;

8>><
>>: ð2Þ

where Kzðt�1ÞzðtÞ, Gzðt�1ÞzðtÞ, Fzðt�1ÞzðtÞ and αzðt�1ÞzðtÞ are gain matrices

to be solved, and their forms are defined as follows:

Kzðt�1ÞzðtÞ ¼
X

1r ir r;1r jr r

hiðt�1ÞhjKij;Gzðt�1ÞzðtÞ

¼
X

1r ir r;1r jr r

hiðt�1ÞhjGij; Fzðt�1ÞzðtÞ

¼
X

1r ir r;1r jr r

hiðt�1ÞhjFij;αzðt�1ÞzðtÞ ¼
X

1r ir r;1r jr r

hiðt�1Þhjαij;

Kij, Gij and Fij are appropriately dimensional matrices, αij is one
scalar.

Recalling (1) and (2), the closed-loop system is derived as fol-
lows:

~xðtþ1Þ ¼
Γ11 �α�1

zðt�1ÞzðtÞBzðtÞFzðt�1ÞzðtÞ

0 AzðtÞ �G�1
zðt�1ÞzðtÞKzðt�1ÞzðtÞCzðtÞ

0
@

1
A ~xðtÞ; ð3Þ

where ~xðtÞ ¼ xðtÞ
xðtÞ� x̂ðtÞ

� �
and Γ11 ¼ AzðtÞ þα�1

zðt�1ÞzðtÞBzðtÞFzðt�1ÞzðtÞ.
Then, a set of necessary definitions about homogeneous matrix

polynomials are borrowed from the literature (for instance, [15,16,31]).
Such as, the set Δr is defined as Δr ¼ αARr ;

Pr
i ¼ 1 αi ¼ 1;αZ0

� �
.

Based on this, one defines αk1
1 α

k2
2 ⋯αkr

r ;αAΔr ; kiAZþ ; i¼ 1;2;…; r as
the monomials, k¼ k1k2⋯kr , and PkARn�n; 8kAKðgÞ are matrix-
valued coefficients. KðgÞ denotes the set of r-tuples derived as all
possible combinations of nonnegative integers ki; i¼ 1;2;…; r, such
that k1þk2þ⋯þkr ¼ g. As a simple example, for homogeneous
polynomials of degree g¼4 with r¼2 variables, the possible values of
the partial degrees areKð3Þ ¼ f40;31;22;13;04g. For r-tuples k and k0,
one denotes kZk0 if kiZk0i; ði¼ 1;…; rÞ. The usual operations of
summation, kþk0, and subtraction, k�k0 (whenever kZk0), are
defined componentwise.

Particularly, two definitions of the r-tuple χ iAKð1Þ and the
coefficient πðkÞ are defined as [31]:

χi ¼ 0|{z}
1�th element

⋯0 1|{z}
i�th element

0⋯ 0|{z}
r�th element

;

πðkÞ ¼ ðk1!Þ � ðk2!Þ �⋯� ðkr!Þ; 8kAKðgÞ; gAZþ : ð4Þ
On the basis of both (3) and (4), a set of LMI-based design

conditions have been proposed in [31] as follows.

Proposition 1 (Ma and Xie [31]). The closed-loop system (3) is
asymptotically stable, if there exist matrices FijARn2�n1 and
KijARn1�n3 ; matrices GijARn1�n1 ; symmetric matrices P1ijARn1�n1

and P2ijARn1�n1 and scalars αij, where 1r irr;1r jrr; such that
the LMIs of (5) are satisfied:

Υ pkk0 ¼

Υ 11
pkk0 n n n

0 Υ 22
pkk0 n n

Υ 31
pkk0 Υ 32

pkk0 Υ 33
pkk0 n

0 Υ 42
pkk0 0 Υ 44

pkk0

2
6666664

3
777777540;

8pAKðd1þ1Þ; iAf1;2;…;mg; kAKðd3þ2Þ; k0AKðd2þ1Þ; ð5Þ
where d1; d2; d3AZþ , and

Υ 11
pkk0 ¼

X
1r ir r;pZ χi ;
1r jr r;kZ χj

� � ðd1Þ!
πðp�χ iÞ

ðd3þ1Þ!
πðk�χ jÞ

ðd2þ1Þ!
πðk0Þ P1ij

( )
;

Υ 22
pkk0 ¼

X
1r ir r;pZ χi ;
1r jr r;kZ χj

� � ðd1Þ!
πðp�χ iÞ

ðd3þ1Þ!
πðk�χ jÞ

ðd2þ1Þ!
πðk0Þ P2ij

( )
;

Υ 33
pkk0 ¼

X
1r ir r;pZ χi ;
1r jr r;kZ χj

� � ðd1Þ!
πðp�χ iÞ

ðd3þ1Þ!
πðk�χ jÞ

ðd2þ1Þ!
πðk0Þ 2αijI

( )
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