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a b s t r a c t

A bipartite graph G = (L, R; E) with at least one edge is said to be identifiable if for every
vertex v ∈ L, the subgraph induced by its non-neighbors has a matching of cardinality
|L|−1. This definition arises in the context of low-rankmatrix factorization and ismotivated
by signal processing applications. An ℓ-subgraph of a bipartite graph G = (L, R; E) is an
induced subgraph ofG obtained by deleting from it some vertices in L togetherwith all their
neighbors. The Identifiable Subgraph problem is the problem of determining whether a
given bipartite graph G = (L, R; E) contains an identifiable ℓ-subgraph. While the problem
of finding a smallest set J ⊆ L that induces an identifiable ℓ-subgraph of G is NP-hard and
also APX-hard, the complexity of the identifiable subgraph problem is still open.

In this paper, we introduce and study the k-bounded Identifiable Subgraph problem.
This is the variant of the Identifiable Subgraph problem in which the input bipartite
graphs G = (L, R; E) are restricted to have the maximum degree of vertices in R bounded
by k. We show that for k ≥ 3, the k-bounded Identifiable Subgraph problem is as hard as
the general case, while it becomes solvable in linear time for k ≤ 2. Our proof is based on
the notion of strongly cyclic graphs, that is, multigraphs with at least one edge such that for
every vertex v, no connected component of the graph obtained by deleting v is a tree. We
show that a bipartite graph G = (L, R; E) with maximum degree of vertices in R bounded
by 2 is a no instance to the Identifiable Subgraph problem if and only if a multigraph
naturally associated to it does not contain any strongly cyclic subgraph, and characterize
such graphs in terms of finitely many minimal forbidden topological minors.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The identifiability property of bipartite graphs is based on the classical concept of a matching in a graph (a subset of
pairwise disjoint edges). A bipartite graph G = (L, R; E)with at least one edge is said to be identifiable if for every vertex in L,
the subgraph induced by its non-neighborhood has a matching of cardinality |L| − 1. This definition arises in the context of
low-rank matrix factorization and has applications in data mining [17], signal processing [13], and computational biology
[4,14,18]. For further details on applications of notions and problems discussed in this paper, we refer to [9,10].

On the one hand, the recognition problem for identifiable bipartite graphs is clearly polynomial, using bipartite
matching algorithms. On the other hand, several natural algorithmic problems concerning identifiable graphs turn out to be
NP-complete. For example:
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(1) Given an identifiable bipartite graph G, how strongly does G possess the identifiability property with respect to
edge modifications (that is, edge additions and/or deletions)? This question results in the notion of the resilience of G with
respect to identifiability, which measures how much one should change G by means of edge modifications to destroy this
property. While computing the resilience is polynomial for edge additions or edge modifications, it is NP-complete for edge
deletions [10].

(2) Given an identifiable bipartite graph G = (L, R; E), the problem of selecting aminimum-size set R′
⊆ R of vertices in R

such that the subgraph ofG induced by L∪R′ is identifiable, is approximable in polynomial time towithin a factor of ln |L|+1,
using a greedy algorithm based on the notion of submodular set functions [9]. Its decision version is NP-complete [9].

(3) The following definition is a slight modification of [10, Definition 2].

Definition 1. Let G = (L, R; E) be a bipartite graph. For a subset J ⊆ L, the ℓ-subgraph of G induced by J is the subgraph
G(J) = G[J, R \ N(L \ J)], where N(L \ J) denotes the set of all vertices in R with a neighbor in L \ J . We say that a graph G′ is an
ℓ-subgraph of G if there exists a subset J ⊆ L such that G′

= G(J).

In other words, an ℓ-subgraph of G is an induced subgraph of G obtained by deleting from G some (possibly none) vertices
in L together with all their neighbors. In [10], the following problem was introduced.

Min-Identifiable Subgraph (min-ids)
Instance: A bipartite graph G = (L, R; E) and an integeqr k.
Question: Does G have an identifiable ℓ-subgraph induced by a set J with|J| ≤ k?

In [10], this problem was shown to be APX-hard in general but polynomially solvable for trees and for bipartite graphs
in which the maximum degree of vertices in L is at most 2.

In the same paper, the following related problems were also introduced:

Max-Identifiable Subgraph (max-ids)
Instance: A bipartite graph G = (L, R; E) and an integer k.
Question: Does G have an identifiable ℓ-subgraph induced by a set J with |J| ≥ k?

Identifiable Subgraph (ids)
Instance: A bipartite graph G = (L, R; E).
Question: Does G have an identifiable ℓ-subgraph?

While the min-ids problem is APX-hard, the complexity of the max-ids and ids problems in general remains open. Both
problems are solvable in polynomial time for trees, as well as for bipartite graphs G = (L, R; E) such that the maximum
degree of vertices in L is at most 2 [10]. Clearly, if the ids problem is NP-complete then so is the max-ids problem: by
varying the value of k, one could solve the ids problem using an algorithm for the max-ids problem. Similarly, if the ids
problem is NP-complete, this would provide an alternative proof for the NP-completeness of min-ids.

In this paper, we study the ids problem from the point of view of parameterizing it according to the maximum degree
∆(R) of vertices in R. This is formalized by the following problem definition (where k is a positive integer):

k-bounded Identifiable Subgraph (k-ids)
Instance: A bipartite graph G = (L, R; E) with ∆(R) ≤ k.
Question: Does G have an identifiable ℓ-subgraph?

While the k-bounded Identifiable Subgraph problem for k ≥ 3 is as hard as the general case (see Section 3), we show
that the ids problem becomes solvable in linear time if themaximum degree of vertices in R is at most 2. This result is stated
formally in the following theorem.

Theorem 1. The 2-bounded Identifiable Subgraph problem is solvable in linear time.

A proof of Theorem 1 will be given in Section 4. Our approach can be described roughly as follows. We first preprocess
the input graph G so that we have d(x) = 2 for all x ∈ R. Under this assumption, graph G can be obtained from some
multigraph H by subdividing every edge exactly once. We prove that G has an identifiable ℓ-subgraph if and only if H has an
induced strongly cyclic subgraph, where a graph with at least one edge is said to be strongly cyclic if no deletion of a vertex
results in a graph with an acyclic component. We then characterize graphs containing an induced strongly cyclic subgraph
as precisely the graphs that contain as a topological minor one of five particular graphs on at most 6 vertices (see Fig. 2 on
page 6). Finally, we describe how known results and techniques for graphs of bounded treewidth can be used to detect the
presence of one of these five graphs as a topological minor in linear time.

The paper is structured as follows. In Section 2, we give the necessary definitions and recall the results from the literature
we will need in some of our proofs. In Section 3, we discuss the case with ∆(R) = k for k ≥ 3. In Section 4 we prove our
main result (Theorem 1) and argue in Section 4.1 that an identifiable ℓ-subgraph in a graphwith∆(R) ≤ 2 can also be found
in polynomial time if one exists. Section 5 concludes the paper with some open questions.
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