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We consider concurrent games played by two players on a finite-state graph, where in 
every round the players simultaneously choose a move, and the current state along with 
the joint moves determine the successor state. We study the most fundamental objective 
for concurrent games, namely, mean-payoff or limit-average objective, where a reward is 
associated to each transition, and the goal of player 1 is to maximize the long-run average 
of the rewards, and the objective of player 2 is strictly the opposite (i.e., the games are 
zero-sum). The path constraint for player 1 could be qualitative, i.e., the mean-payoff is the 
maximal reward, or arbitrarily close to it; or quantitative, i.e., a given threshold between 
the minimal and maximal reward. We consider the computation of the almost-sure (resp. 
positive) winning sets, where player 1 can ensure that the path constraint is satisfied with 
probability 1 (resp. positive probability). Almost-sure winning with qualitative constraint 
exactly corresponds to the question of whether there exists a strategy to ensure that 
the payoff is the maximal reward of the game. Our main results for qualitative path 
constraints are as follows: (1) we establish qualitative determinacy results that show that 
for every state either player 1 has a strategy to ensure almost-sure (resp. positive) winning 
against all player-2 strategies, or player 2 has a spoiling strategy to falsify almost-sure 
(resp. positive) winning against all player-1 strategies; (2) we present optimal strategy 
complexity results that precisely characterize the classes of strategies required for almost-
sure and positive winning for both players; and (3) we present quadratic time algorithms to 
compute the almost-sure and the positive winning sets, matching the best known bound of 
the algorithms for much simpler problems (such as reachability objectives). For quantitative 
constraints we show that a polynomial time solution for the almost-sure or the positive 
winning set would imply a solution to a long-standing open problem (of solving the value 
problem of turn-based deterministic mean-payoff games) that is not known to be solvable 
in polynomial time.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Concurrent games. Concurrent games are played by two players (player 1 and player 2) on finite-state graphs for an infinite 
number of rounds. In every round, both players independently choose moves (or actions), and the current state along with 
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the two chosen moves determine the successor state. In deterministic concurrent games, the successor state is unique; in 
stochastic concurrent games, the successor state is given by a probability distribution. The outcome of the game (or a play) 
is an infinite sequence of states and action pairs. These games were introduced in a seminal work by Shapley [53], and 
have been one of the most fundamental and well-studied game models in stochastic graph games. An important sub-class 
of concurrent games are turn-based games, where in each state at most one player can choose between multiple moves (if 
the transition is stochastic we have turn-based stochastic games, and if the transition is deterministic we have turn-based 
deterministic games).

Mean-payoff (limit-average) objectives. The most well-studied objective for concurrent games is the limit-average (or 
mean-payoff) objective, where a reward is associated to every transition and the payoff of a play is the limit-inferior (or 
limit-superior) average of the rewards of the play. The original work of Shapley [53] considered discounted sum objectives 
(or games that stop with probability 1); and concurrent stochastic games with limit-average objectives (or games that have 
zero stop probabilities) was introduced by Gillette in [39]. The player-1 value val(s) of the game at a state s is the supremum 
value of the expectation that player 1 can guarantee for the limit-average objective against all strategies of player 2. The 
games are zero-sum where the objective of player 2 is the opposite. Concurrent limit-average games and many important 
sub-classes have received huge attention over the last five decades. The prominent sub-classes are turn-based games as 
restrictions of the game graphs, and reachability objectives as restrictions of the objectives. A reachability objective consists 
of a set U of terminal states (absorbing or sink states that are states with only self-loops), and the set U is exactly the 
set of states where out-going transitions are assigned reward 1 and all other transitions are assigned reward 0. Many cele-
brated results have been established for concurrent limit-average games and its sub-classes: (1) the existence of values (or 
determinacy or equivalence of switching of strategy quantifiers for the players as in von-Neumann’s min–max theorem) for 
concurrent discounted games was established in [53]; (2) the existence of values (or determinacy) for concurrent reacha-
bility games was established in [36]; (3) the existence of values (or determinacy) for turn-based stochastic limit-average 
games was established in [48]; (4) the result of Blackwell–Fergusson established existence of values for the celebrated game 
of Big-Match [5]; and (5) developing on the results of [5] and Bewley–Kohlberg on Puisuex series [4] the existence of val-
ues for concurrent limit-average games was established in [49]. The decision problem of whether the value val(s) is at 
least a rational constant λ can be decided in PSPACE [26,42]; and is square-root sum hard even for concurrent reachability 
games [35].1 The algorithmic question of the value computation has also been studied in depth for special classes such 
as ergodic concurrent games [44] (where all states can be reached with probability 1 from all other states); turn-based 
stochastic reachability games [28]; and turn-based deterministic limit-average games [33,56,40,10]. The decision problem 
of whether the value val(s) is at least a rational constant λ lie in NP ∩ coNP both for turn-based stochastic reachability 
games and turn-based deterministic limit-average games. They are among the rare and intriguing combinatorial problems 
that lie in NP ∩ coNP, but are not known to be in PTIME. The existence of polynomial time algorithms for the above decision 
questions are long-standing open problems.

Qualitative winning modes. In another seminal work, the notion of qualitative winning modes was introduced in [29] for 
concurrent reachability games. In qualitative winning modes, instead of the exact value computation the question is whether 
the objective can be satisfied with probability 1 (almost-sure winning) or with positive probability (positive winning). The 
qualitative analysis is of independent interest and importance in many applications (such as in system analysis) where we 
need to know whether the correct behavior arises with probability 1. For instance, when analyzing a randomized embedded 
scheduler, we are interested in whether every thread progresses with probability 1 [15]. Even in settings where it suffices 
to satisfy certain specifications with probability p < 1, the correct choice of p is a challenging problem, due to the simplifi-
cations introduced during modeling. For example, in the analysis of randomized distributed algorithms it is quite common 
to require correctness with probability 1 (see, e.g., [51,47,54]). More importantly it was shown in [29] that the qualitative 
analysis for concurrent reachability games can be solved in polynomial time (quadratic time for almost-sure winning, and 
linear time for positive winning). Moreover the algorithms were discrete graph theoretic algorithms, and the combinatorial 
algorithms were independent of the precise transition probabilities. Since qualitative analysis is robust to numerical per-
turbations and modeling errors in the transition probabilities, and admits efficient combinatorial algorithms for the special 
case of concurrent reachability games, they have been studied in many different contexts such as Markov decision processes 
and turn-based stochastic games with ω-regular objectives [25,21,22]; pushdown stochastic games with reachability objec-
tives [34,35,9]; and partial-observation games with ω-regular objectives [19,3,2,17,27,14,50,20], to name a few. However, 
the qualitative analysis for the very important problem of concurrent limit-average games has not been studied before. 
In this work, we consider qualitative analysis of concurrent limit-average games. We show that the qualitative analysis of 
concurrent limit-average games is significantly different from and more involved than qualitative analysis of concurrent 
reachability games.

Relevance of concurrent limit-average games. Besides the mathematical elegance of concurrent limit-average games, they 
also provide useful modeling framework for system analysis. Concurrent games are relevant in modeling systems with syn-
chronous interaction of components [30,31,1]. Mean-payoff objectives are widely used for performance measure of systems, 

1 The square-root sum problem is an important problem from computational geometry, where given a set of natural numbers n1, n2, . . . , nk , the question 
is whether the sum of the square roots exceed an integer b. The square root sum problem is not known to be in NP.
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