
Computer Aided Geometric Design 45 (2016) 134–139

Contents lists available at ScienceDirect

Computer Aided Geometric Design

www.elsevier.com/locate/cagd

On regularity of generalized Hermite interpolation

Boris Shekhtman

Department of Mathematics and Statistics, University of South Florida, Tampa, FL, USA

a r t i c l e i n f o a b s t r a c t

Article history:
Available online 6 January 2016

Keywords:
Hermite interpolation
Regularity
Generalized Hermite interpolation

In this note we study the regularity of generalized Hermite interpolation and compare it 
to that of classical Hermite interpolation.
While every Hermite interpolation scheme is regular in one variable, the “classical Hermite 
interpolation schemes” in several variables are regular if and only if they are supported at 
one point. In this note we exhibit some regular generalized Hermite interpolation schemes 
supported at two points and study some limitation of existence of such schemes. The 
existence of such schemes provides a class of counterexamples to a conjecture of Jia and 
Sharma.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In this note we will compare the regularity properties of generalized Hermite interpolation (as introduced in de Boor 
and Ron, 1991) to those of classical Hermite interpolation (cf. Lorentz and Lorentz, 1990; Lorentz, 2000). The classical 
Hermite interpolation schemes in several variables are regular if and only if they are supported at one point (cf. Lorentz, 
2000). We show that this is still the case for generalized Hermite interpolation over the complex field and no longer the 
case over the real field. In particular, we study regular generalized Hermite interpolation schemes supported at two points. 
We also present some necessary conditions for the existence of such schemes. The constructed schemes provide a class of 
counterexamples to a conjecture made in Jia and Sharma (1991).

Some notations and terminology: The symbol k will stand for either the real field R or the complex field C and Z+
will denote the set of non-negative integers. We let k[x] := k[x1, . . . , xd] be the algebra of polynomials in d variables with 
coefficients in k. Thus every p ∈ k[x] could be written as a finite sum

p(x) =
∑
α

p̂(α)xα

where α := (α1, . . . , αd) ∈ Z
d+ , xα := xα1

1 · · · xαd
d and the coefficients p̂(α) ∈ k. For every p ∈ k[x] we use p̄ to denote the 

complex conjugate of the polynomial p. Thus if p(x) =
∑

p̂(α)xα then p̄(x) =
∑

p̂(α)xα where c̄ is the complex conjugate 
of c. We use D j to denote the partial derivative with respect to x j and for every p ∈ k[x] the symbol p(D) denotes the 
differential operator

p(D1, . . . , Dd) =
∑
α

p̂(α)Dα1
1 . . . Dαd

d

acting on k[x]. Finally, for z ∈ k
d we use δz to denote the point-evaluation functional: δz(p) := p(z) for all p ∈ k[x].

E-mail address: shekhtma@usf.edu.

http://dx.doi.org/10.1016/j.cagd.2015.12.006
0167-8396/© 2016 Elsevier B.V. All rights reserved.

http://dx.doi.org/10.1016/j.cagd.2015.12.006
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/cagd
mailto:shekhtma@usf.edu
http://dx.doi.org/10.1016/j.cagd.2015.12.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cagd.2015.12.006&domain=pdf


B. Shekhtman / Computer Aided Geometric Design 45 (2016) 134–139 135

A subspace P ⊂ k[x] is called D-invariant if D j p ∈P for every p ∈P and j = 1, . . . , d. For any F ⊂ k[x] we use D(F ) to 
denote the least D-invariant subspace of k[x] that contains F .

A generalized Hermite interpolation is determined by a finite-dimensional D-invariant subspace P ⊂ k[x], a finite set of 
D-invariant subspaces P1, . . . , Ps of P such that

dimP =
s∑

i=1

dimPi (1.1)

and a finite sequence of distinct points Z = (z1, . . . , zs) ∈ (kd)s . We consider the problem of interpolation from the space P
with interpolation conditions given by the direct sum

A(Z,P j, j = 1, . . . , s) :=
s∑

j=1

{δz j ◦ p̄(D) : p ∈ P j}, (1.2)

i.e., for any f ∈ k[x] we wish to find p ∈ P such that λ( f ) = λ(p) for all λ ∈ A(Z, P j, j = 1, . . . , k).
In particular, if dimP j = 1 for all j then (by D-invariance) each P j is spanned by the constant function 1 and hence 

the Hermite interpolation problem becomes a Lagrange interpolation problem at the points Z . If, on the other hand, s = 1
this means that we are interpolating various derivatives of a function at one point; we will refer to such interpolation as 
(generalized) Taylor interpolation.

We follow G. Lorentz (1989) (cf. also Jia and Sharma, 1991) and say that the interpolation scheme S := S(P, P1, . . . , Ps)

is regular if the interpolation problem from P with interpolation conditions A(Z, P j, j = 1, . . . , s) is uniquely solvable for 
any sequence of pairwise distinct points Z and any f ∈ k[x]. The interpolation scheme is almost regular if the interpola-
tion problem is uniquely solvable for one (and therefore almost all) sequences of points Z = (z1, . . . , zs) in (kd)s . In the 
remaining case the interpolation scheme is singular.

Condition (1.1) assures that the number of interpolation conditions is the same as the dimension of the space P while 
the D-invariance of Pi -s is a necessary and sufficient condition for the set

J := { f ∈ k[x] : λ( f ) = 0 for all λ ∈ A(Z,P j, j = 1, . . . , s)}
to be a (zero-dimensional) ideal in k[x].

In one variable this notion of Hermite interpolation coincides with the classical Hermite interpolation since the only 
finite-dimensional D-invariant subspaces of k[x] are polynomials of fixed maximal degree and are always regular. The 
classical Hermite interpolation problem in several variables (when all subspaces in question are polynomials of fixed degree) 
had been a subject of intensive study in recent years in Approximation theory (cf. Lorentz and Lorentz, 1990; Lorentz, 
1992, 2000) as well as in algebraic geometry (cf. Alexander and Hirschowitz, 1995; Harris, 2011). In this article we will 
compare and contrast some of the results on regularity of classical multivariate Hermite interpolation problems to those of 
generalized ones.

One final note: choosing a basis (p1, . . . , pN) for P and a basis λ1[Z], . . . , λN [Z] for A(Z, P j, j = 1, . . . , s) consider the 
generalized Vandermonde determinant

�S(z1, . . . , zs) := det(λ j[Z](pk))
N
j,k=1. (1.3)

This is a polynomial in d × s variables:

(z1,1, . . . , z1,d, . . . , zs,1, . . . , zs,d) ∈C
sd,

where

z j = (z j,1, . . . , z j,d), j = 1, . . . , s.

The regularity of a scheme S(P, P1, . . . , Ps) is equivalent to the non-vanishing of this polynomial for all distinct 
z1, . . . , zs . The scheme S is singular if and only if �S is identically zero.

2. Regularity

It is a well-known fact that in one dimension the Hermite interpolation scheme is always regular while for d > 1 the 
classical Hermite interpolation scheme is regular if and only if it is a Taylor scheme, i.e., Z consists of one point. In this 
section we will show that this fact still holds for generalized Hermite interpolation in the complex setting (k = C) and fails 
in the real setting (k = R). The latter gives a counterexample to a conjecture of Jia and Sharma (cf. Jia and Sharma, 1991).

We will need the following rudimentary facts from algebraic geometry: A subset V ⊂ k
N is called an affine variety if 

there exists a finite set of polynomials f1, . . . , f s in k[x1, . . . , xN ] such that

V = {x ∈ k
N : f1(x) = · · · = f s(x) = 0};

the union of affine varieties is an affine variety (cf. Cox et al., 1997, p. 188, Theorem 15) and with every affine variety V we 
can associate the integer dimV (cf. Cox et al., 1997, Chapter 9).
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