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Abstract

We classify all finite fields and all infinite fields of characteristic not equal to 2 whose multiplicative
groups are direct-sum indecomposable. For finite fields, we obtain our classification using a direct
argument and also as a corollary to Catalan’s Conjecture. Our answer involves both Fermat and
Mersenne primes. Turning to infinite fields, we use the classification of indecomposable non-torsion-
free abelian groups to prove that any infinite field whose characteristic is not equal to 2 must have a
decomposable multiplicative group.
c⃝ 2015 Elsevier GmbH. All rights reserved.
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1. Introduction

More than 50 years ago, László Fuchs posed the following problem: find necessary and
sufficient conditions for a group to be the multiplicative group of a field ([10, Problem
69]). Much progress has been made, but the problem remains unsolved (see, for example,
[12,8,20,11]). We refer the reader to [7] for a survey of results in this area. Fuchs also
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asked whether the torsion subgroup of the multiplicative group of a field is necessarily
a summand; this question was answered negatively by Cohn in [6]. In this paper, the
question we ask is very much in the spirit of the aforementioned work: which fields have
indecomposable multiplicative groups? (Recall that a group is said to be indecomposable
if it cannot be written as direct sum of two non-trivial subgroups.) In Section 2, we
classify the finite fields with indecomposable multiplicative groups. We give a direct
number-theoretic argument. However, the main result may also be obtained as a corollary
to Catalan’s Conjecture, described in Section 3, which was proved in 2002 by Preda
Mihăilescu. In Section 4, we consider infinite fields, where we show that any infinite field
whose characteristic is not equal to 2 must have a decomposable multiplicative group.
Throughout, we will use standard facts from number theory, algebra, and group theory
which may be found in [1], [9], and [18], respectively. The structure of the group of units
in a ring has been studied extensively, especially for finite rings and group rings. Examples
where the unit group is saddled with a similarly strong simplifying condition include [16]
and our recent work [2,5,4], where we examined the conditions under which every non-
trivial unit in a ring has order p a prime.

2. Finite fields

The goal of this section is to prove Theorem 2.4 classifying the finite fields with
indecomposable multiplicative groups. Our proof in this section uses elementary methods;
in Section 3, we obtain this classification as a corollary to Catalan’s Conjecture.

We begin by recording two basic facts about finite fields which can be found in any
standard algebra textbook; see [9], for instance. First, recall that every finite field has
prime power order, and for every prime p and positive integer r , there is a unique (up
to isomorphism) finite field whose order is pr . (The prime p is the characteristic of the
field.) Second, recall that the multiplicative group of a finite field F , written F×, is cyclic.
(In fact, the multiplicative group of any field is locally cyclic ([19, 1.3.4]); i.e., every finite
subgroup is a cyclic group.) In our first proposition we make a simple observation which
follows from the structure theorem for finite abelian groups. We refer to a positive integer
as a prime power if it is equal to pr for some prime p and integer r ≥ 1.

Proposition 2.1. If F is a finite field of order pr , then F× is indecomposable if and only
if pr

− 1 is either 1 or a prime power.

Note that F× has order 1 if and only if F = F2, the finite field with two elements.

Proof. As mentioned above, the group F× is isomorphic to C pr −1, the multiplicative
cyclic group of order pr

− 1. From the structure theorem for finite abelian groups, a finite
cyclic group is indecomposable if and only if it is trivial or has prime power order. �

Because there is a unique finite field corresponding to each prime power pr , determining
which finite fields have an indecomposable multiplicative group is equivalent to solving
the following number theoretic problem: find all pairs (p, r), where p is prime and r is
a positive integer, such that pr

− 1 is a prime power. We begin by determining the pairs
(p, r) for which pr

− 1 is 1 or a power of 2. Recall that a Fermat prime is a prime of the
form 22n

+ 1.



Download English Version:

https://daneshyari.com/en/article/4582332

Download Persian Version:

https://daneshyari.com/article/4582332

Daneshyari.com

https://daneshyari.com/en/article/4582332
https://daneshyari.com/article/4582332
https://daneshyari.com

