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the number of k-subset sums of quadratic residues over finite 
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1. Introduction

Let Fq be the finite field with q = ps elements, where p is a prime and s ≥ 1 is an 
integer. Let H be a subset of Fq, and k (1 ≤ k ≤ |H|) be a positive integer. For b ∈ Fq, 
let NH(k, b) denote the number of k-element subsets S ⊆ H such that∑

a∈S

a = b. (1.1)

Understanding the number NH(k, b) is the well known k-subset sum problem over finite 
fields. It arises from several applications in coding theory, cryptography, graph theory 
and some other fields. For example, it is directly related to the deep hole problem of 
generalized Reed–Solomon codes with evaluation set H [1–4]. It is also related to the 
spectrum and the diameter of the Wenger type graphs [5].

However, the k-subset sum problem over finite fields for general H is well known to 
be NP-hard. The difficulty mainly comes from the combinatorial flexibility of choosing 
the subset H and also the lack of algebraic structure of H. Due to the NP-hardness, 
there is little that we can say about the exact value of NH(k, b) in general. But from 
mathematic point of view, we would like to obtain an explicit formula or at least an 
asymptotic formula for NH(k, b). This is again out of our expectation in general. But if 
H is certain special subset with good algebraic structure, one can hope to obtain the 
exact value or asymptotic formula for NH(k, b). For example, it is known that if Fq−H is 
a small set, there is a simple asymptotic formula for NH(k, b) [6]. In addition, if H = Fq, 
or F∗

q , or any additive subgroup of Fq, there is also an explicit combinatorial formula for 
NH(k, b) [6–8].

If H is a multiplicative subgroup of Fq of index m (thus m divides q−1), the subset sum 
problem becomes harder as it is a non-linear algebraic problem with many combinatorial 
constraints. Zhu and Wan [9] provided an asymptotic formula for NH(k, b) in this case. 
As a consequence, they proved that for small index m = [F∗

q : H] and 6 ln q < k < q−1
2m , 

NH(k, b) > 0 for all b ∈ Fq. This is the only known result in the case when H is a proper 
multiplicative subgroup.

The complexity of the subset sum problem grows as the index m of the subgroup H
grows. In the simplest case m = 1, then H = F∗

q and an explicit combinatorial formula 
for NH(k, b) is known. In this paper, we study the next simplest case m = 2. Our main 
result is an explicit combinatorial formula for NH(k, b), where H is the subgroup of 
quadratic residues in F∗

q , that is, H = {x2 | x ∈ F∗
q}. Equivalently, we obtain an explicit 

combinatorial formula for

NH(k, b) = 1
k! �{(y1, y2, · · · , yk) ∈ Hk | y1 + y2 + · · ·+ yk = b, yi �= yj for ∀ i �= j}. (1.2)

Note that there is the coefficient 1
k! because NH(k, b) denotes the number of the unordered 

k-tuples with distinct coordinates satisfying the equation y1 + y2 + · · · + yk = b with 
yi ∈ H. When m ≥ 3, one should not expect an explicit formula for NH(k, b).
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