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1. Introduction

The study of codes over finite rings has grown tremendously since the seminal work of
Hammons et al. [9]. It is shown in [9] that some of the best nonlinear codes over Fy can be
viewed as linear codes over Z,. Wood [25,26] pointed out that only finite Frobenius rings
are suitable for coding alphabets, in the sense that several fundamental properties of
codes over finite fields still hold for codes over such rings. This has motivated numerous
authors to do research on codes over finite chain rings, as chain rings are Frobenius rings
with good algebraic structures.

On the other hand, the class of cyclic codes plays a very significant role in the theory
of error-correcting codes. One is that they can be efficiently encoded using shift registers.
There is a lot of literature about cyclic codes over finite chain rings (e.g., see [1,7,8,14,
19-22]). Generally, cyclic codes over finite chain rings can be divided into two classes:
simple-root cyclic codes, if the code lengths are relatively prime to the characteristic of
the ring; otherwise, we have the so-called repeated-root cyclic codes. In this paper, we
study simple-root cyclic codes over finite chain rings.

Pless and Qian [19] showed that cyclic codes of odd length n over Z, have generators
of an interesting form: (fh,2gh), where f, g, h € Z4][X] satisfy fgh = X™ — 1. Pless, Solé
and Qian in [20] considered the existence conditions for nontrivial self-dual cyclic codes
of odd length over Z,4. Results of [19,20] were then extended to simple-root cyclic codes
over Zym [15]. Following that line of research, Wan continued to consider simple-root
cyclic codes over Galois rings [23]. Extending the main results of [15] and [23], Dinh
and Loépez-Permouth in [7] completely described simple-root cyclic codes over finite
commutative chain rings; several necessary and sufficient conditions for the existence of
nontrivial self-dual cyclic codes were provided. Very recently, Qian et al. in [21] studied
self-orthogonal and self-dual cyclic codes of odd length over Zom; enumeration formulas
for self-dual cyclic codes of odd length over Zom were presented.

Let R be a finite commutative chain ring with unique maximal ideal (7). Then () is
nilpotent and its nilpotency index is denoted by t. Let n be a positive integer relatively
prime to the characteristic of F; = R/(7). First, we generalize the methods of [13] to
obtain the algebraic structure of cyclic codes of length n over R, which is different from
that given in [7]. Using this structure theorem, we show that self-dual cyclic codes of
length n over R exist if and only if ¢ is even. Some new necessary and sufficient conditions
for the existence of nontrivial self-dual cyclic codes are also derived. We show that, when
the nilpotency index ¢ is even, the number of self-dual cyclic codes is fully determined by
|A,|, the number of reciprocal polynomial pairs in the monic irreducible factorization of
X" — 1 over F,. Several main results of [21] are thus special cases of the present paper.
Comparing with [7] and [21], one of the main contributions of our paper lies in showing
that the existence of nontrivial self-dual cyclic codes of length n over R is equivalent to
the existence of nontrivial self-dual cyclic codes of length n over F, = R/ (7).

The counting problem for |A,| naturally reduces to an equivalent question about
counting |€2,,|, the number of self-reciprocal monic irreducible factors of X™ —1 over F,,.
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