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Let Z,, be the ring of residue classes modulo n, and let Z} be
the group of its units. 90 years ago, Brauer obtained a formula
for the number of representations of ¢ € Z,, as the sum of &
units. Recently, Yang and Tang (2015) [6] gave a formula for
the number of solutions of the equation z? + 22 = ¢ with
z1,x2 € ZF. In this paper, we generalize this result. We find
an explicit formula for the number of solutions of the equation
2?24+ =cwith 1,..., 2, € Z.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let Z,, be the ring of residue classes modulo n, and let Z; be the group of its units.

Let ¢ € Zy, and let k be a positive integer. Brauer in [1] gave a formula for the number

of solutions of the equation x1 + - -+ + zx = ¢ with z1, ...,z € Z}. In [4] Sander found

the number of representations of a fixed residue class mod n as the sum of two units
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in Z,, the sum of two non-units, and the sum of mixed pairs, respectively. In [3] the
results of Sander were generalized into an arbitrary finite commutative ring, as sum of
k units and sum of k£ non-units, with a combinatorial approach.

The problem of finding explicit formulas for the number of representations of a natural
number n as the sum of k squares is one of the most interesting problems in number
theory. For example, if k = 4, then Jacobi’s four-square theorem states that this number
is 8%, m if ¢ is odd and 24 times the sum of the odd divisors of ¢ if ¢ is even. See [5]
and the references given there for historical remarks.

Recently, Téth [5] obtained formulas for the number of solutions of the equation

2 2
arxy+ -+ apry =c,

where ¢ € Z,,, and x; and a; all belong to Z,.
Now, consider the equation

af - tai=c (1)

where ¢ € Z,,, and x; are all units in the ring Z,. We denote the number of solutions of
this equation by 8:4(Zy, ¢, k). In [6] Yang and Tang obtained a formula for 8,4(Z,, ¢, 2).
In this paper we provide an explicit formula for 844(Z,, ¢, k), for an arbitrary k. Our
approach is combinatorial with the help of spectral graph theory.

2. Preliminaries

In this section we present some graph theoretical notions and properties used in the
paper. See, e.g., the book [2]. Let G be an additive group with identity 0. For S C G,
the Cayley graph X = Cay(G, S) is the directed graph having vertex set V(X) = G and
edge set E(X) = {(a,b);b —a € S}. Clearly, if 0 ¢ S, then there is no loop in X, and
if 0 € S, then there is exactly one loop at each vertex. If —S = {—s;s € S} = S, then
there is an edge from a to b if and only if there is an edge from b to a.

Let Z:2 = {2% 2 € Z%}. The quadratic unitary Cayley graph of Z,, G%n =
Cay(Zn; Z3?), is defined as the directed Cayley graph on the additive group of Z,, with
respect to Z:?; that is, G%n has vertex set Z,, such that there is an edge from x to y if
and only if y — x € Z*?. Then the out-degree of each vertex is |Z;?|.

Let G be a graph, and let V(G) = {v1,...,v,}. The adjacency matriz Ag of G is
defined in a natural way. Thus, the rows and the columns of Ag are labeled by V(G).
For 4, j, if there is an edge from v; to v; then Ay, = 1 otherwise Ay, = 0. We will write
it simply A when no confusion can arise. For the graph G%n the matrix A is symmetric,
provided that —1 is a square mod n.

We write J,, for the m x m all 1-matrix. The identity m x m matrix will be denoted
by I,,.

The complete graph on m vertices with loop at each vertex is denoted by K!, . Thus,
the adjacency matrix of K! is J,,.
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