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The notion of broken k-diamond partitions was introduced 
by Andrews and Paule. Let Δk(n) denote the number 
of broken k-diamond partitions of n for a fixed positive 
integer k. Recently, Chan, and Paule and Radu proved some 
congruences modulo 5 for Δ2(n). In this paper, we prove 
several new infinite families of congruences modulo 5 for 
Δ2(n) by using an identity due to Newman. Our results 
generalize the congruences proved by Paule and Radu.
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1. Introduction

The aim of this paper is to prove several new infinite families of congruences modulo 5 
for broken 2-diamond partitions, which generalize some congruence results due to Paule 
and Radu [11].

Let us begin with some notation and terminology on q-series and partitions. We use 
the standard notation
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(a; q)∞ =
∞∏
k=0

(1 − aqk)

and often write

(a1, a2, . . . , an; q)∞ = (a1; q)∞(a2; q)∞ · · · (an; q)∞.

Recall that the Ramanujan theta function f(a, b) is defined by

f(a, b) =
∞∑

n=−∞
an(n+1)/2bn(n−1)/2, (1.1)

where |ab| < 1. The Jacobi triple product identity can be restated as

f(a, b) = (−a,−b, ab; ab)∞. (1.2)

One special case of (1.1) is defined by

ψ(q) = f(q, q3) =
∞∑

n=0
q

n(n+1)
2 . (1.3)

By (1.1), (1.2) and (1.3),

ψ(q) = (q2; q2)2∞
(q; q)∞

. (1.4)

A combinatorial study guided by MacMahon’s Partition Analysis led Andrews and 
Paule [2] to the construction of a new class of directed graphs called broken k-diamond 
partitions. Let Δk(n) denote the number of broken k-diamond partitions of n for a fixed 
positive integer k. Andrews and Paule [2] established the following generating function 
of Δk(n):

∞∑
n=0

Δk(n)qn = (q2; q2)∞(q2k+1; q2k+1)∞
(q; q)3∞(q4k+2; q4k+2)∞

. (1.5)

Employing generating function manipulations, Andrews and Paule [2] proved that for 
all integers n ≥ 0,

Δ1(2n + 1) ≡ 0 (mod 3).

Since then, a number of congruences satisfied by Δk(n) for small values of k have been 
proved. See, for example, Chan [4], Chen, Fan and Yu [5], Hirschhorn and Sellers [6], Lin 
[7], Lin and Wang [8], Paule and Radu [11], Radu and Sellers [12–14], Wang and Yao 
[18], Xia [15,16] and Yao [17].
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