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modular forms, Dedekind sums may be defined as functions
on the cusp set of SL(2,Z). We present a compatible notion
of Dedekind sums, which we name Dedekind symbols, for
any non-cocompact lattice I' < SL(2,R), and prove the
corresponding equidistribution mod 1 result. The latter part
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1. Introduction

In this article, we introduce a function for non-cocompact lattices of SL(2,R) that
relates to, and actually generalizes, the classical Dedekind sums

s(a;e) = Z ((%)) ((%)), (ceN, a€Z, (a,c)=1),
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where

{e}—5 =¢Z

({z} = fractional part of = € R)
0 x €L

z = () = {

is the odd and periodic “sawtooth” function of expectancy zero.

There is a ubiquitous character to the Dedekind sums, as they appear in a wide range
of contexts. The name alone hinges on their relation to the logarithm of the Dedekind
n-function

n(z) = e (i) H (1 —e(nz)) (e(2) = e?ﬂ'iz)

n>1

defined on the upper half-plane H, a classical player in the theories of modular forms,
elliptic curves, and theta functions. More precisely, for every v = (‘; Z) € SL(2,Z),

—*d) ™ b, (L.1)

1
1 —1 = —(si 2] —
ogn(yz) —logn(z) = 5 (sign(c))”log (l sen() ) " 12
where the defect ®(vy) arising from the ambiguity of the principal branch of the logarithm
is given by

= b/d c=0,
®(y) = {a_::d — 12sign(c)s(a;|c|) ¢ # 0. (1.2)

While this is not obvious at first glance, the values of ® are always integers. The latter
fact, as many other fundamental properties pertaining to Dedekind sums, may be found
in the monograph [RadG72]. Dedekind’s original proof of the transformation formula
(1.1) is of analytic nature, but it can also be deduced by purely topological arguments.
Atiyah [Ati87] discusses this approach and offers an overview of the appearance of logn
and the Dedekind sums in various contexts of number theory, topology and geometry,
exhibiting no less than seven equivalent characterizations of logn across these different
fields!

An alternative presentation of the Dedekind sums consists in defining s(a;c) as a
function on the cusp set of SL(2,Z), which can be identified with the extended rational
line Q U {oo}. This identification can then be exploited to study some of their prop-
erties via continued fraction expansions, as is done in [KM94]. We propose a modified
construction. Let I'y, denote the stabilizer subgroup of I' := SL(2,Z) at oo, that is,

- {( )emnn) - (1 )

There is a one-to-one correspondence between the cusp set of I', i.e. {y(c0) : v € I'} and
the quotient I'/T',. We can thus express (signed) Dedekind sums via the assignment
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