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The purpose of this paper is twofold. On one hand, we introduce a modification 
of the dual canonical basis for invariant tensors of the 3-dimensional irreducible 
representation of Uq(sl2), given in terms of Jacobi diagrams, a central tool in 
quantum topology. On the other hand, we use this modified basis to study the 
so-called homotopy sl2 weight system, which is its restriction to the space of 
Jacobi diagrams labeled by distinct integers. Noting that the sl2 weight system is 
completely determined by its values on trees, we compute the image of the homotopy 
part on connected trees in all degrees; the kernel of this map is also discussed.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The sl2 weight system W is a Q-algebra homomorphism from the space B(n) of Jacobi diagrams labeled by 
{1, . . . , n} to the algebra Inv (S(sl2)⊗n) of invariant tensors of the symmetric algebra S(sl2). The relevance of 
this construction lies in low dimensional topology. Jacobi diagrams form the target space for the Kontsevich 
integral Z, which is universal among finite type and quantum invariants of knotted objects: in particular, 
by postcomposing Z with the sl2 weight system and specializing each factor at some finite-dimensional 
representation of quantum group Uq(sl2), one recovers the colored Jones polynomial. Hence, while the 
results of this paper are purely algebraic, we will see that they are motivated by, and have applications to, 
quantum topology – see Remark 1.4 at the end of this introduction.

An easy preliminary observation on the sl2 weight system is the following.

Lemma 1.1. The sl2 weight system is determined by its values on connected trees, i.e. connected and simply 
connected Jacobi diagrams.

(Although this result might be well-known, a proof is given in Section 2.4.)

* Corresponding author.
E-mail addresses: jean-baptiste.meilhan@ujf-grenoble.fr (J.-B. Meilhan), sakie@kurims.kyoto-u.ac.jp (S. Suzuki).

http://dx.doi.org/10.1016/j.jpaa.2016.07.012
0022-4049/© 2016 Elsevier B.V. All rights reserved.

http://dx.doi.org/10.1016/j.jpaa.2016.07.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jpaa
mailto:jean-baptiste.meilhan@ujf-grenoble.fr
mailto:sakie@kurims.kyoto-u.ac.jp
http://dx.doi.org/10.1016/j.jpaa.2016.07.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jpaa.2016.07.012&domain=pdf


692 J.-B. Meilhan, S. Suzuki / Journal of Pure and Applied Algebra 221 (2017) 691–706

Table 1
The dimensions of Cn, Inv(sl⊗n

2 ) and KerWh
n .

n 2 3 4 5 6 7 8 9 k

dim Cn 1 1 2 6 24 120 720 5040 (k − 2)!
dim Inv(sl⊗n

2 ) 1 1 3 6 15 36 91 232 Rk

dim KerWh
n 0 0 0 0 10 84 630 4808 (k − 2)! − Rk + 1+(−1)k

2

In this paper, we focus on the homotopy part Bh(n) of B(n), which is generated by diagrams labeled 
by distinct elements in {1, . . . , n}. Here, the terminology alludes to the link-homotopy relation on (string) 
links, which is generated by self crossing changes. It was shown by Habegger and Masbaum [4] that the 
restriction of the Kontsevich integral to Bh(n) is a link-homotopy invariant, and is deeply related to Milnor 
link-homotopy invariants, which are classical invariants generalizing the linking number.

Let us state our main results on the homotopy sl2 weight system, that is, the restriction of the sl2 weight 
system to Bh(n). Owing to Lemma 1.1, we can fully understand this map by studying the restrictions

Wh
n : Cn → Inv(sl⊗n

2 )

of the sl2 weight system to the space Cn of connected trees with n univalent vertices labeled by distinct 
elements in {1, . . . , n}. Here, the target space Inv(sl⊗n

2 ) is the invariant part of the n-fold tensor power of 
the adjoint representation (the 3-dimensional irreducible representation) of sl2. Recall that the dimension 
of Cn is given by (n −2)!, while the dimension of Inv(sl⊗n

2 ) is known to be the so-called [1] Riordan numbers 
Rn which can be defined by R2 = R3 = 1 and Rn = (n − 1)(2Rn−1 + 3Rn−2)/(n + 1). These numbers are 
also found under the name of Motzkin sums, or ring numbers in the literature.

We have:

Theorem 1.2.

(i) The weight system map Wh
n is injective if and only if n ≤ 5.

(ii) For n odd and n = 2, the weight system map Wh
n is surjective.

(iii) For n ≥ 4 even, Wh
n has a 1-dimensional cokernel, spanned by c⊗

n
2 , where c = 1

2h ⊗h + e ⊗f +f ⊗ e ∈
Inv(sl⊗2

2 ).

The dimensions of Cn, Inv(sl⊗n
2 ) and KerWh

n are given in Table 1.
Let Sn be the symmetric group in n elements. The spaces Cn and Inv(sl⊗n

2 ) have Sn-module structures, 
such that Sn acts on Cn by permuting the labels, and acts on Inv(sl⊗n

2 ) by permuting the factors. The sl2
weight system is a Sn-module homomorphism, and the characters χCn

and χInv(sl⊗n
2 ) are already known 

(see Lemma 3.7 and Proposition 3.8). Thus, by Theorem 1.2, we can determine the characters χker(Wh
n ) and 

χIm(Wh
n ) of the kernel and the image of Wh

n , respectively, as follows.

Corollary 1.3. (i) For n = 2 or n > 2 odd, we have

χker(Wh
n ) = χCn

− χInv(sl⊗n
2 ) and χIm(Wh

n ) = χInv(sl⊗n
2 ).

(ii) For n ≥ 4 even, we have

χker(Wh
n ) = χCn

− χInv(sl⊗n
2 ) + χU and χIm(Wh

n ) = χInv(sl⊗n
2 ) − χU ,

where U is the trivial representation.
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