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1. Introduction

Let G = (N, E) be a simple graph with node set N = {1,...,n} and edge set F C
{{i,7}: 1,7 € N,i # j}. For brevity, we will usually write ij instead of {i, j} for edges and
put m = |E|. It will be convenient to assume that the nodes are numbered so that their
degrees d; = |{j: ij € E}| are sorted non-increasingly. Let e; denote the i-th column
of the n x n identity matrix I,, and define the positive semidefinite matrices E;; :=
(e; —ej)(e; — e;)T, then the Laplacian matrix of G is defined to be L(G) = >ijer Bij
L(G) may also be written as L(G) = D(G) — A(G), where D(G) is the diagonal degree
matrix and A(G) is the adjacency matrix of G. If G is clear from the context, we drop
the argument and simply write L. The Laplacian is a positive semidefinite matrix with
a trivial eigenvalue 0 and the vector of all ones 1 as associated eigenvector. In this paper
we denote the eigenvalues of L in non-increasing order by A{(L) > -+- > A\,_1(L) >
An(L) = 0. As the trace of L is 2m there holds Y"1, A;(L) = 2m and for m > 0 at least
one eigenvalue has value greater than the average degree 2m/n. The eigenvalues of L are
the Laplacian eigenvalues of G and we may write \;(L) = \;(G).

The Laplacian energy of a graph G is defined to be

n

LE(G) =)

i=1

2m
Ai(G) — w

and [2] raised the question which graphs on n nodes maximize this value.

For i =1,...,n the conjugate degree d}(G) = |{i: d; > i}| gives the number of nodes
of G of degree at least i. Each degree sequence satisfying df =d; +1fori=1,...,f
with trace f = max{i: d; > i} uniquely defines a graph and these graphs form the so
called threshold graphs [10]. We notice that the degree sequence d of threshold graphs
is fully specified once the conjugate degrees d} are given for i € [f], which is easily
seen by looking at a Ferrers diagram of d (see next section for definitions). There the
part strictly below the diagonal boxes is the transpose of the part above and including
the diagonal. The right hand side of Fig. 2 is the Ferrers diagram of the (threshold)
graph corresponding to the degree sequence d = (4,4,3,3,2,0,0,0). The dual degrees
give the number of boxes of the columns. Threshold graphs may also be characterized
combinatorially by starting with the empty graph and iteratively adding a node that is
isolated or fully connected to all previous nodes.

In our context, a central property of threshold graphs T is that the conjugate degrees
are exactly the eigenvalues of their Laplacian matrix, A\;(T) = df(T) for i = 1,...,n
[9]. It has been conjectured that among all connected graphs on n nodes the threshold
graph called pineapple with trace L%J maximizes the Laplacian energy (see [12]). Among
connected threshold graphs the pineapple is indeed the maximizer; for general threshold
graphs on n nodes the clique of size [ 24t | +1 together with | 252 | isolated vertices is a
threshold graph maximizing Laplacian energy [7] and we conjecture that this graph has
maximum Laplacian energy among all graphs on n nodes.
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