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1. Introduction

Fix a prime p and a power g of p. Up to field isomorphisms there is a unique field F,
such that §(Fy) = ¢ [9, Theorem 2.5]. Let ey, ..., e, be the standard basis of Fy.. For all
v,we Fly, say v =arer + -+ agen and w = biey + -+ + bpey, set (v,w) =Y alb;.
(', ) is the standard Hermitian form of F.. The set {u € F}; | (u,u) = 1} is an affine
chart of the Hermitian variety of P"(F,2) [4, Ch. 5], [6, Ch. 23]. Let M be an n x n matrix
with coefficients in F,2. The numerical range Num(M) of M is the set of all (u, Mu)
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with (u,u) = 1. C is a degree 2 Galois extension of R with the complex conjugation as
the generator of the Galois group. F2 is a degree 2 Galois extension of Fy with the map
t — t7 as a generator of the Galois group. Hence (, ) is the Hermitian form associated to
this Galois extension. Thus the definition of Num(A/) is a natural extension of the notion
of numerical range in linear algebra [3,7,8,10]. This extension was introduced in [2] when
q is a prime p = 3 (mod 4).

For any d € F,\ {0} and any ¢ € F,2 the set C, g := {x € F2 | (z—c)?" = d} is called
the Hermitian circle with center ¢ and squared-radius d. The map = +— x — ¢ induces a
bijection between C, 4 and Cy 4. We have §(Cp q) = g+ 1 for all d € Fy\ {0} (Remark 3).
Fy2 is a 2-dimensional IF -vector space and hence it has q*+q affine Fy-lines, i.e. subsets
of the form {ta + (1 — t)b}scr, for some a,b € Fy2 with a # b.

We prove the following result (in which I,y is the identity 2 x 2 matrix).

Theorem 1. Let M be an n x n-matriz over Fge.

(a) If M = cl,xp, then Num(M) = {c}.

(b) If M is unitarily equivalent to a direct sum of k > 2 diagonal matrices ¢;Ly, xn,,
1 < <k, with ¢; # ¢j for all i # j, then either Num(M) = Fp2 or Num(M)
is the affine Fy-line {tc1 + (1 — t)ca}ier,, the latter case occurring if and only if
ci € {ter + (1 = t)ea}ier, for alli.

(c) If M # clyxn, then Num(M) contains either an affine F,-line or a Hermitian circle.

(d) If M is not as in (a) or (b) and q # 2, then §(Num(M)) > q.

Except to prove Theorem 1 we only consider 2 x 2 matrices. For certain 2 x 2 matrices
M we are able to describe Num(M). Obviously Num(M) = {c} if M = cl,,xp.

Proposition 1. Assume n = 2 and that M has a unique eigenvalue, c, that its eigenspace
has dimension 1, and that (v,v) # 0 for some eigenvector v. Set p := q/2 — 1 if q is
even and p = (¢ —1)/2 if ¢ is odd. Then §(Num(M)) = 1+ p(¢ + 1) and Num(M) is
the disjoint union of {c} and p disjoint Hermitian circles with centers at c.

Proposition 2. If ¢ is odd, set p = (¢q—1)/2. If q is even, set p:=q/2—1. Assume n = 2
and that M has 2 different eigenvalues ci,co € Fgp= and that for each i = 1,2 there is
v; € IE‘32 with Mv; = ¢;v;, (v1,v1) # 0 and (vy,ve) # 0. Then Num(M) is the union of
{c1,c2} and p Hermitian circles and hence Num(M) < 2+ p(q +1).

In Proposition 4 and in Lemma 2 below we do not claim that the union is a disjoint
union and hence we only claim the upper bound for §(Num(M)) (see [1, Example 3.7]).

Proposition 3. Assume n = 2 and that M has eigenvalues c1,ca € Fg2 and v; € ]ng \ {0},
1 = 1,2, such that ¢; # co, Mv; = ¢;v; and (v;,v;) =0 for alli. Then f(Num(M)) = 14+q
and Num(M) is the union of {0} and the set E :={t € Fp2 | t9+t =1}.
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