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On a real hypersurface M in a complex projective space we can consider the
Levi-Civita connection and for any nonnull constant k the k-th g-Tanaka—Webster
connection. Associated to g-Tanaka—Webster connection we can define a differential
operator of first order. We classify real hypersurfaces such that both the Lie
derivative and this differential operator, either in the direction of the structure
vector field £ or in any direction of the maximal holomorphic distribution coincide
when we apply them to the structure Jacobi operator of M.
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1. Introduction

Let CP™, m > 2, be a complex projective space endowed with the Fubini-Study metric g of constant

holomorphic sectional curvature 4. Let M be a connected real hypersurface of CP™ without boundary.
Let V be the Levi-Civita connection on M and J the complex structure of CP™. Take a locally defined
unit normal vector field N on M and denote by £ = —JN. This is a tangent vector field to M called
the structure vector field on M. On M there exists an almost contact metric structure (¢,&,7, g), see [1],
induced by the Kaehlerian structure of CP™, where ¢ is the tangent component of J and 7 is an one-form

given by n(X) = g(X, &) for any X tangent to M. The classification of homogeneous real hypersurfaces in

CP™ was obtained by Takagi, see [11-13]. His classification contains 6 types of real hypersurfaces. Kimura,

[5], also proved that they are the unique Hopf real hypersurfaces with constant principal curvatures, where

a real hypersurface M is called Hopf if the structure vector field is principal, that is, A = a for a certain
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function o on M. We will also denote by I the maximal holomorphic distribution on M, given by all vector
fields orthogonal to £&. Among the real hypersurfaces appearing in Takagi’s list we mention the following
ones:

Type (A1) real hypersurfaces are geodesic hyperspheres of radius r, 0 < r < 7. They have 2 distinct
constant principal curvatures, 2 cot 2r with eigenspace R[] and cot r with eigenspace D.

Type (Az) are tubes of radius r, 0 < 7 < F, over totally geodesic complex projective spaces CP",
0 < n <m — 1. They have 3 distinct constant principal curvatures, 2 cot 2r with eigenspace R[], cot r and
— tanr. The corresponding eigenspaces of cot r and — tanr are complementary and ¢-invariant distributions
in D.

From now on we will call type (A) real hypersurfaces to both of either type (A1) or type (As).

Ruled real hypersurfaces in CP™ are characterized for the fact that g(AD,D) = 0 (see [6,7]).

The Tanaka—Webster connection, [14,16], is the canonical affine connection defined on a non-degenerate,
pseudo-Hermitian CR-manifold. As a generalization of this connection, Tanno, [15], defined the generalized
Tanaka—Webster connection for contact metric manifolds by

VxY =VxY + (Vxn) (V) = n(Y)Vxé — n(X)pY (1.1)

where V denotes the Levi-Civita connection on M.
Using the naturally extended affine connection of Tanno’s generalized Tanaka—Webster connection, Cho
defined the k-th g-Tanaka—Webster connection V(® for a real hypersurface M in CP™ given, see [2,3], by

VY = Vi +g(0AX,Y)E — n(Y)PAX — kn(X)$Y (1.2)

for any X, Y tangent to M where k is a non-zero real number. Then @(’“)77 =0, Wk)g =0, @(k)g =0,
V® ¢ = 0. In particular, if the shape operator of a real hypersurface satisfies ¢A + Ap = 2k¢, the k-th
g-Tanaka—Webster connection coincides with the Tanaka—Webster connection. From (1.2) the k-th Cho
operator on M associated to a tangent vector field X is defined by F)((k)Y = g(pAX, )¢ —n(Y)pAX —
kn(X)oY, for any Y tangent to M. Notice that if X € D, F)((k)Y = g(pAX,Y)E—n(Y)pAX does not depend
on k. In this case we simply call it Fx. The torsion of the k-th g-Tanaka—Webster connection is then given
by T(k)(X, Y)= F)((k)Y — F}(,k)X. Let us call T)((k) to the operator on M given by T)((k)Y = T(k)(X, Y), for
any X, Y tangent to M.

On the other hand, Jacobi fields along geodesics of a given Riemannian manifold (M ,g) satisfy a very
well-known differential equation. This classical differential equation naturally inspires the so-called Jacobi
operator. That is, if R is the curvature operator of M, and X is any tangent vector field to M, the Jacobi
operator (with respect to X) at p € M, Rx € End(T,M), is defined as (RxY)(p) = (R(Y, X)X)(p) for all
Y € TpM , being a selfadjoint endomorphism of the tangent bundle TM of M. Clearly, each tangent vector
field X to M provides a Jacobi operator with respect to X.

If M is a real hypersurface of CP™ the Jacobi operator associated to the structure vector field £, R, is
called the structure Jacobi operator on M.

Let £ denote the Lie derivative on M. Therefore LxY = VxY — Vy X for any X,Y tangent to M.

Pérez, Santos and Suh, [10], proved the following

Theorem. Let M be a real hypersurface in CP™, m > 3, such that the structure Jacobi operator Re satisfies
Le¢Re = 0. Then either M is locally congruent to a tube of radius § over a complex submanifold in CP™ or
to either a geodesic hypersphere or a tube over a totally geodesic CP*, 0 < k < m — 1, with radius r # T

In [4] Jeong, Pak and Suh introduced a differential operator of first order associated to the k-th
g-Tanaka—Webster connection for a real hypersurface in a complex two-plane Grassmannian by Eg];)Y =
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