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We build a new class of Banach function spaces, whose function norm is

ρ(p[·],δ[·](f) = inf
f=

∞∑
k=1

fk

∞∑
k=1

ess inf
x∈(0,1)

ρp(x)(δ(x)−1fk(·)),

where ρp(x) denotes the norm of the Lebesgue space of exponent p(x) (assumed 
measurable and possibly infinite), constant with respect to the variable of f , and 
δ is measurable, too. Such class contains some known Banach spaces of functions, 
among which are the classical and the small Lebesgue spaces, and the Orlicz space 
L(logL)α, α > 0.
Furthermore we prove the following Hölder-type inequality

1∫
0

fgdt ≤ ρp[·]),δ[·](f) ρ(p′[·],δ[·](g),

where ρp[·]),δ[·](f) is the norm of fully measurable grand Lebesgue spaces introduced 
by Anatriello and Fiorenza in [2]. For suitable choices of p(x) and δ(x) it reduces to 
the classical Hölder’s inequality for the spaces EXP1/α and L(logL)α, α > 0.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In [26] Iwaniec and Sbordone introduced the grand Lebesgue spaces Lp)(Ω) (1 < p < ∞), Ω ⊂ R
n of 

finite measure, in connection with the study of the integrability properties of the Jacobian determinant. In 
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the case Ω = I = (0, 1) such spaces are defined as the Banach function spaces (see e.g. [4] for the definition) 
of the measurable functions f on I such that

‖f‖p) = sup
0<ε<p−1

⎛
⎝ε

1∫
0

|f(t)|p−ε dt

⎞
⎠

1
p−ε

< ∞.

Since then the grand Lebesgue spaces play an important role in PDE’s theory (see e.g. [18,23,25]), in 
Function Spaces theory (see e.g. [1,12,28,30,32,33]) and in interpolation–extrapolation theory (see e.g. [8,
15,24]). They have been widely investigated and several variations have been studied, among which, in [7], 
the spaces

Lp),δ(I) =

⎧⎪⎨
⎪⎩f : I → R measurable : ‖f‖p),δ = sup

0<ε<p−1

⎛
⎝δ(ε)

1∫
0

|f(t)|p−ε dt

⎞
⎠

1
p−ε

< ∞

⎫⎪⎬
⎪⎭ , (1.1)

where δ is a measurable function in I, have been considered. It has been shown that the interesting case is 
when δ is left continuous, increasing (i.e. 0 < ε1 < ε2 < p − 1 ⇒ δ(ε1) ≤ δ(ε2)) such that δ(0+) = 0 and 
with values in ]0, 1].

Let M be the set of all Lebesgue measurable functions in I with values in [−∞, +∞], M+ the subset of 
the nonnegative functions, M0 the subset of the finite a.e. functions, and M+

0 the subset of the finite a.e., 
nonnegative functions.

Recently in [2] the following further generalization of ‖f‖p),δ was introduced, where in (1.1) p − ε is 
changed into a general measurable function.

Definition 1.1 ([2]). Let p(·) ∈ M, p(·) ≥ 1 a.e. and δ ∈ L∞(I), δ > 0 a.e., 0 < ‖δ‖∞ ≤ 1. The Banach 
function spaces

Lp[·]),δ(·)(I) =
{
f ∈ M0 : ‖f‖p[·]),δ(·) = ρp[·]),δ(·)(|f |) < ∞

}
, (1.2)

where

ρp[·]),δ(·)(f) = ess sup
x∈I

ρp(x) (δ(x)f(·)) (f ∈ M+
0 ) (1.3)

and

ρp(x)(δ(x)f(·)) =

⎧⎨
⎩
(∫

I
(δ(x)f(t))p(x)dt

) 1
p(x) if 1 ≤ p(x) < ∞

ess sup
t∈I

(δ(x)f(t)) if p(x) = ∞ (1.4)

are called fully measurable grand Lebesgue spaces.

We point out that, in the previous definition, the authors choice the symbol ρp[·]),δ(·)(f) with square 
brackets in p[·] and not the more natural p(·) to avoid confusion since the symbol p(·) is already used in the 
theory of variable spaces with a different meaning. (See for example the monographs [9,29] for an exhaustive 
treatment of the variable exponent Lebesgue spaces.)

The (standard) grand Lebesgue spaces Lp)(I) can be immediately obtained from (1.4) setting p(x) = p −x, 
1 < p < ∞ and δ(x) = x.

The generalized grand Lebesgue spaces (1.1) are evidently included in the spaces (1.2): the function 
δ(ε)

1
p−ε in (1.1) corresponds to the function δ(ε) in (1.4).
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