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procedure consists in damping the unbounded terms in the representation.
Moreover, we show that its solution converges to the exact solution uniformly
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Elliptic equation and strongly in L? under a priori assumptions on the exact solution. In order
Ill-posed problem to verify our analysis and the accuracy of the numerical procedures, we exhibit
Cauchy problem two numerical examples. Our main tools for simulation are the trigonometric
Contraction principle polynomial approximation, and the fast Fourier transform in combination with
Regularization method the cubic Hermite interpolation.
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1. Introduction

It is well known that the Cauchy problem for second-order elliptic partial differential equations is ill-posed
in the sense of Hadamard [5], i.e., the solution does not exist, or even it exists, it does not depend continuously
on the Cauchy data. An answer to the ill-posedness issue of such Cauchy problem can be found in Faker Bin
Belgacem et al. [1]. Even though the ill-posedness causes difficulty for numerical computation, such problems
usually appear in many engineering applications related to propagating waves in different environments,
such as acoustic, hydrodynamic and electromagnetic waves [7,8]. Besides, most of those problems are usually
solved in 3D domains with inhomogeneous sources, and particularly, source functions depend on the unknown
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function. Hence a necessity of investigating Cauchy problems for nonlinear elliptic equations motivates this
study.

Let a,b,c > 0 and 2 = (—a,a) x (—b,b) be a rectangle in R? with the boundary 9. We seek a function
u that satisfies:

Au = f(u,z,y,2), (z,y,2) € Q x[0,d, (1)
uw(z,y,2) =0, (z,y,2) € 900 x [0, ], (2)
g% = u(-, - O)| + [|A° = Dul-, -, 0)[| <&, (3)

where A is the three dimensional Laplacian, 9, is the z-partial derivative, f is a given function depending
on the unknown u, both ¢g¢ and h¢ are given functions in the Lebesgue space L?*() that is endowed with
the natural inner product (,-) and with the norm ||-||, the positive number ¢ is the data error of (g%, h°)
from the exact Cauchy data

(ga h) = (u7azu)|220, ('Tvy) € Q. (4)

Throughout this paper, we shall use the following notations. The space H™() is the Sobolev space
involving all functions that are in L?(Q2) as well as their s-th order derivatives for all s < m, H}(Q)
contains all the functions of H!(Q) such that their traces vanish on 9Q. We shall adopt the notation
(C([0,¢]; L2(2)), ||| - Il) for the Banach space of continuous functions mapping [0, ¢] to L?(£2), wherein || - [|
stands for the supremum norm. Let A2, and t,,,, denote the eigenvalues and corresponding eigenfunctions
of A := —A defined on its domain D(A) C Hg(Q), which are

(B + ) e =on () (52). o

for any (m,n) € N2 Here after, we shall denote the Fourier coefficients of the functions v = v(z,y),
w = w(z,y,z) and f = f(w,z,y,2) by dmn = & (0, mn)s Dmn(2) = & W, 2), Ymn) and frp (w, 2) =
k(f(w(,+2),% 2), Ymn), respectively, where £ = ||, =2 = 1/(ab). Similarly, 8,1, (z) will stand for
£(Ozw(-,+, 2), Yimn).-

Using the method of separation of variables, the exact solution of the problem (1)—(4) satisfies

7r
2

)\mn =

u(@,y.2) = 3 3 (Coun(9: 5 2) + Juan (1 2) ) Y (2.9), (6)
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where

A e#rmn [ h e~ Amn [ h

~ 1
Jn (0, 2) =

z

(z2=8)Amn _ ,(5—=2)Amn N
2)‘m,n / <€ € ) fmn(u, S) ds. (8)
0

It can be seen that G’mn(g, h, z) and jmn(u, z) in Egs. (7) and (8) blow up quickly as A, tends to infinity
due to the fast increasing of exp(zAmn). Therefore, a numerical calculation of Eqgs. (6)—(8) in practice
is impossible, even when the exact Fourier coefficients (gmn,fzmn, fmn) may tend to zero rapidly. It is
well-known that the Cauchy problem for elliptic equations is severely ill-posed in the sense of Hadamard,
i.e., a small perturbation in the given Cauchy data may cause a very large error in the output solution
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