
J. Math. Anal. Appl. 446 (2017) 879–885

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Norm-inflation results for the BBM equation

Jerry Bona, Mimi Dai ∗,1

Department of Mathematics, University of Illinois at Chicago, Chicago, IL 60607, USA

a r t i c l e i n f o a b s t r a c t

Article history:
Received 27 May 2016
Available online 13 September 2016
Submitted by D.M. Ambrose

Keywords:
Regularized long-wave equation
Ill-posedness
Norm-inflation
Sobolev space

Considered here is the periodic initial-value problem for the regularized long-wave 
(BBM) equation

ut + ux + uux − uxxt = 0.

Adding to previous work in the literature, it is shown here that for any s < 0, 
there is smooth initial data that is small in the L2-based Sobolev spaces Hs, but 
the solution emanating from it becomes arbitrarily large in arbitrarily small time. 
This so called norm inflation result has as a consequence the previously determined 
conclusion that this problem is ill-posed in these negative-norm spaces.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

This note derives from the paper [6] where it was shown that the initial-value problem

ut + ux + uux − uxxt = 0,

u(0, x) = u0(x),
(1.1)

for the regularized long-wave or BBM equation is globally well posed in the L2-based Sobolev spaces Hr(R)
provided r ≥ 0. In the same paper, it was shown that the map that takes initial data to solutions cannot be 
locally C2 if r < 0. This latter result suggests, but does not prove, that the problem (1.1) is not well posed 
in Hr for negative values of r. Later, Panthee [14] showed that this solution map, were it to exist on all of 
Hr(R), could not even be continuous, thus proving that the problem is ill posed in the L2-based Sobolev 
spaces with negative index. Indeed, he showed that there is a sequence of smooth initial data {φn}∞n=1 such 
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that φn → 0 in Hr(R) but the associated solutions, {un}∞n=1 have the property that ‖u(·, t)‖Hr is bounded 
away from zero for all small values of t > 0 and all n ≥ 1.

The BBM equation itself was initially put forward in [15] and [2] as an approximate description of 
long-crested, surface water waves. It is an alternative to the classical Korteweg–de Vries equation and has 
been shown to be equivalent in that, for physically relevant initial data, the solutions of the two models 
differ by higher order terms on a long time scale (see [5].) It predicts the propagation of surface water waves 
pretty well in its range of validity [4]. Finally, it is known rigorously to be a good approximation to solutions 
of the full, inviscid, water-wave problem by combining results in [1,3] and [12] (see also [13]).

It is our purpose here to show that in fact, for r < 0, the problem (1.1) is not only not well posed, but 
features blow-up in the Hr-norm in arbitrarily short time. This will be done in the context of the periodic 
initial-value problem wherein u0 is a periodic distribution lying in Hr

per for some r < 0. Similar results hold 
for Hr(R), but are not explicated here.

More precisely, it will be shown that, for any given r < 0, there is a sequence {un
0}∞n=1 of smooth initial 

data such that un
0 → 0 in Hr

per and a sequence {Tn}∞n=1 of positive times tending to 0 as n → ∞ such that 
the corresponding solutions {un}∞n=1 emanating from this initial data, whose existence is guaranteed by the 
periodic version [8] of the theory for the initial-value problem, are such that for n = 1, 2, 3, · · · ,

‖u(·, Tn)‖Hs
per

≥ n.

This insures in particular that the solution map S that associates solutions to initial data, which exists on 
L2, cannot be extended continuously to all of Hs

per, thus reproducing Panthee’s conclusion. Results of this 
sort go by the appellation norm inflation for obvious reasons. The idea originated in the work of Bourgain 
and Pavlović [7] for the three-dimensional Navier–Stokes equation. The method of construction there was 
applied to some other dissipative fluid equations by the second author and her collaborators, see [11,10,9]. 
It suggests that the method is generic as well as sophisticated.

Notation The notation used throughout is standard. For r ∈ R, the collection Ḣr
per is the homogeneous 

space of 2π-periodic distributions whose norm

‖f‖2
r =

∞∑
k=1

k2r(|fk|2 + |gk|2)

is finite. Elements in Ḣr
per all have mean zero over the period domain [0, 2π]. Here, the {fk} are the Fourier 

sine coefficients and the {gk} are the Fourier cosine coefficients of f . Notice that Ḣ0
per may be viewed 

simply as the L2-functions on the period domain [0, 2π] with mean zero. If X is any Banach space, the set 
C([0, T ]; X) consists of the continuous functions from the real interval [0, T ] into X with its usual norm.

2. Norm inflation

The principal result of our study is the following theorem.

Theorem 2.1. Let r < 0 by given. Then there is a sequence {uj
0}∞j=1 of C∞, periodic initial data such that

u
(j)
0 → 0 as j → ∞

in Ḣr
per and a sequence {Tj}∞j=1 of positive times tending to zero as j → ∞ such that if uj(x, t) is the 

solution emanating from u(j)
0 , then
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