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We study the entropy numbers of weighted Sobolev classes BW r
p,α,β in Lq,α,β , where 

Lq,α,β , 1 ≤ q ≤ ∞ denotes the weighted Lq space on [−1, 1] with respect to weight 
wα,β(x) := (1 − x)α(1 + x)β , α, β > −1/2. Exact orders of the entropy numbers 
are obtained for all 1 ≤ p, q ≤ ∞ and α, β > −1/2.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and main result

Denote by Lp,α,β ≡ Lp([−1, 1], wα,β), 1 ≤ p < ∞, the space of measurable functions defined on [−1, 1]
with the finite norm

‖f‖p,α,β :=
( 1∫
−1

|f(x)|p wα,β(x)dx
)1/p

,

where wα,β(x) := (1 − x)α(1 + x)β , α, β > −1/2 is the Jacobi weight. For p = ∞ we assume that L∞,α,β

is replaced by the space C[−1, 1] of continuous functions on [−1, 1] with the uniform norm.
It is well known that the classical Jacobi polynomials {P (α,β)

n }∞n=0 normalized by P (α,β)
n (1) =

(
n+α
n

)
form 

an orthogonal basis for L2,α,β (see [25]). In particular,

1∫
−1

P (α,β)
n (x)P (α,β)

m (y)wα,β(x)dx = δn,mhn(α, β),
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where

hn(α, β) = Γ(α + β + 2)
Γ(α + 1)Γ(β + 1)

Γ(n + α + 1)Γ(n + β + 1)
(2n + α + β + 1)Γ(n + 1)Γ(n + α + β + 1) ∼ n−1

with constants of equivalence depending only on α and β. Then the normalized Jacobi polynomials Pn(x)
defined by

Pn(x) = (h(α,β)
n )−1/2P (α,β)

n (x), n = 0, 1, . . . ,

form an orthonormal basis for L2,α,β where the inner product is defined by

〈f, g〉 :=
1∫

−1

f(x)g(x)wα,β(x) dx.

Consequently, for every f ∈ L2,α,β , f =
∑∞

l=0〈f, Pl〉Pl.
We know that P (α,β)

n is just the eigenfunction corresponding to the eigenvalues −n(n +α+ β + 1) of the 
second-order differential operator

Dα,β := (1 − x2) d2

dx2 − (α− β + (α + β + 2)x) d

dx
,

which means that

Dα,βP
(α,β)
n (x) = −n(n + α + β + 1)P (α,β)

n (x).

Given r > 0, we define the fractional power (−Dα,β)r/2 of the operator −Dα,β on f by

(−Dα,β)r/2(f) =
∞∑
k=0

(k(k + α + β + 1))r/2〈f, Pk〉Pk,

in the sense of distribution.
The weighted Sobolev space is defined as follows: for r > 0 and 1 ≤ p ≤ ∞,

W r
p ([−1, 1], ωα,β) ≡ W r

p,α,β :=
{
f ∈ Lp,α,β : ∃ g ∈ Lp,α,β such that

g = (−Dα,β) r
2 (f)

}
,

where ‖f‖W r
p,α,β

:= ‖f‖p,α,β + ‖(−Dα,β) r
2 (f)‖p,α,β . While we denote by BW r

p,α,β the unit ball of W r
p,α,β.

Let A be a compact subset of a Banach space X. For n ∈ N, the nth entropy number en(A, X) is defined 
as the infimum of all positive ε such that there exist x1, . . . , x2n in X satisfying A ⊂

⋃2n

k=1(xk + εBX), 
where BX is the unit ball of X, that is,

en(A,X) = inf{ε > 0 : A ⊂
2n⋃
k=1

(xk + εBX), x1, . . . , x2n ∈ X}.

Let T ∈ L(X, Y ) be a bounded linear operator between the Banach spaces X and Y . The nth entropy 
number en(T ) is defined as

en(T ) := en(T : X �→ Y ) = en(T (BX), Y ).
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