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We investigate the Dirichlet problem

{− div a(x,∇v) = f in Ω
v = 0 on ∂Ω

for a quasilinear elliptic equation in a planar domain Ω, when f belongs to the
Zygmund space L(logL) 1

2 (log logL)ε(Ω), 0 < ε < 1. We prove that the gradient of
the variational solution v ∈ W 1,2

0 (Ω) belongs to the space L2(log logL)2ε(Ω;R2).
A main tool is a result on the regularity of the gradient of the solution ϕ to the
Dirichlet problem

{div a(x,∇ϕ) = divχ in Ω

ϕ ∈ W 1,1
0 (Ω)

where χ ∈ L2(log logL)−β(Ω;R2), β > 0. Namely, if the mapping a : Ω × R
2 → R

2

satisfies the Leray–Lions type conditions, then we prove the estimates

‖∇ϕ‖L2(log log L)−β(Ω;R2) � C(β)‖χ‖L2(log log L)−β(Ω;R2)

by applying a method recently suggested by L. Greco et al., which is based on the
uniform estimates

‖∇ϕ‖L2−σ(Ω;R2) � C‖χ‖L2−σ(Ω;R2)

available for |σ| � σ0 provided that χ ∈ L2−σ(Ω;R2).
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1. Introduction

Let Ω ⊂ R
N (N � 2) be a bounded open set with C1 boundary.

The Dirichlet problem for elliptic equations of Leray–Lions type{− div a(x,∇v) = f in Ω

v = 0 on ∂Ω
(1)

with f ∈ L1(Ω), has been studied by various authors in the past.
For example, in the papers by G. Stampacchia [25], by L. Boccardo and T. Gallouët [5], by F. Murat

[23] and by G. Dal Maso, F. Murat, L. Orsina and A. Prignet [10], it has been proved the existence of
different kinds of weak solutions v, respectively duality solutions, distributional solutions, transposition
solutions and renormalized solutions, in the linear case or in the nonlinear case, but all of these such that
v ∈

⋂
q∈[1, N

N−1
) W

1,q
0 (Ω).

Instead, in [14], A. Fiorenza and C. Sbordone studied the planar case, using the grand Sobolev space
W

1,2)
0 (Ω) as a natural space both for existence and uniqueness of distributional solutions (see also [17]). We

underline that the space W
1,2)
0 (Ω) is slightly larger than the classical Sobolev space W 1,2

0 (Ω) and slightly
smaller than

⋂
q∈[1,2) W

1,q
0 (Ω).

We assume that the function a : Ω × R
2 → R

2 is a mapping of Leray–Lions, that is, for almost every
x ∈ Ω and for any ξ, η ∈ R

2, the ellipticity and growth conditions

∣∣a(x, ξ) − a(x, η)
∣∣ � K|ξ − η| (2)

|ξ − η|2 � K
〈
a(x, ξ) − a(x, η), ξ − η

〉
(3)

a(x, 0) = 0 (4)

with K � 1 hold true.
The case which is critical with respect to finite energy solutions, i.e. the solutions v which satisfy v ∈

W 1,2
0 (Ω), is the one in which the right hand side f belongs to the Orlicz space L(logL) 1

2 (Ω). This is a
consequence of the Sobolev–Trudinger imbedding in the plane

W 1,2
0 (Ω) ↪→ EXP2(Ω),

that, since every function in W 1,2
0 (Ω) can be approximated in norm with an L∞(Ω) sequence (the sequence

of the truncates), implies

W 1,2
0 (Ω) ↪→ exp2(Ω)

from which, by duality, it follows

L(logL) 1
2 (Ω) ↪→ W−1,2(Ω)

(see Section 2 for the definitions of all these functional spaces). This condition guarantees that, if f ∈
L(logL) 1

2 (Ω), then the solution v of (1) enjoys the regularity v ∈ W 1,2
0 (Ω) (see [22]).

Further regularity derives from the stronger assumption f ∈ L logL(Ω). Actually in [3,2,6,7] the following
proprieties were proved for N = 2

f ∈ L logL(Ω) =⇒ |∇v| ∈ L2 logL(Ω), v ∈ exp(Ω), v ∈ C0(Ω).
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