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a b s t r a c t

In the paper, by the Cauchy integral formula in the theory of complex functions, an integral
representation for the reciprocal of the geometric mean of many positive numbers is
established. As a result, the reciprocal of the geometric mean of many positive numbers
is verified to be a Stieltjes transform and, consequently, a (logarithmically) completely
monotonic function.

© 2016 Elsevier B.V. All rights reserved.

1. Preliminaries

We recall some definitions and notion.
Recall from [1, Chapter IV] that an infinitely differentiable function f on an interval I is said to be completely monotonic

on I if it satisfies (−1)n−1f (n−1)(x) ≥ 0 for x ∈ I and n ∈ N, where N stands for the set of all positive integers. Theorem 12b
in [1] reads that a necessary and sufficient condition that f (x) should be completely monotonic for 0 < x < ∞ is that

f (x) =


∞

0
e−xt dα(t),

where α(t) is non-decreasing and the integral converges for 0 < x < ∞.
In [2–4], it was defined implicitly and explicitly that an infinitely differentiable and positive function f is said to be

logarithmically completely monotonic on an interval I if (−1)k[ln f (x)](k) ≥ 0 on I for all k ∈ N. In [5, Theorem 1.1],
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[6, Theorem 4], [3, Theorem 1], and [4, Theorem 4], it was found and verified once again that a logarithmically completely
monotonic function must be completely monotonic, but not conversely.

In [7, Definition 2.1], it was defined that a Stieltjes transform is a function f : (0, ∞) → [0, ∞) which can be written in
the form

f (x) =
a
x

+ b +


∞

0

1
u + x

dµ(u), (1.1)

where a, b are nonnegative constants and µ is a nonnegative measure on (0, ∞) such that the integral


∞

0
1

1+s dµ(s) < ∞.
In [5, Theorem1.2], itwas proved that a positive Stieltjes transformmust be a logarithmically completelymonotonic function
on (0, ∞), but not conversely.

An infinitely differentiable function f : I → [0, ∞) is called a Bernstein function on an interval I if f ′ is completely
monotonic on I . The Bernstein functions on (0, ∞) can be characterized by [7, Theorem 3.2] which states that a function
f : (0, ∞) → [0, ∞) is a Bernstein function if and only if it admits the representation

f (x) = a + bx +


∞

0


1 − e−xt dµ(t), (1.2)

where a, b ≥ 0 and µ is a measure on (0, ∞) satisfying


∞

0 min{1, t} dµ(t) < ∞. The formula (1.2) is called the
Lévy–Khintchine representation of f . In [8, pp. 161–162, Theorem 3] and [7, Proposition 5.25], it was proved that the
reciprocal of a Bernstein function is logarithmically completely monotonic.

If the Lévy measure µ in (1.2) has a completely monotonic densitym(t) with respect to the Lebesgue measure, that is,

f (x) = a + bx +


∞

0


1 − e−xtm(t) d t, a, b ≥ 0,

where m(t) is a completely monotonic function on (0, ∞) and satisfies


∞

0 min{1, t}m(t) d t < ∞, then f is said to be
a complete Bernstein function on (0, ∞). Theorem 7.3 in [7] reads that a (non-trivial) function f is a complete Bernstein
function if and only if 1

f is a (non-trivial) Stieltjes function.

2. Motivations and main results

Theorem 4.2 in [9] states that the principal branch of the geometric mean

Ga,b(z) =


(a + z)(b + z)

for b > a > 0 and z ∈ C \ [−b, −a] has the Lévy–Khintchine representation

Ga,b(z) = Ga,b(0) + z +
b − a
2π


∞

0

ρ((b − a)s)
s

e−as(1 − e−zs) d s,

where ρ(s) is defined by

ρ(s) =

 1/2

0


1
u

− 1 −
1

√
1/u − 1


1 − e−(1−2u)se−su d u > 0.

Consequently, the geometricmeanGa,b(t−a) is a complete Bernstein function on (0, ∞) and 1
Ga,b(t−a) is a Stieltjes transform.

For b > a and z ∈ C \ [−b, −a], Lemma 2.4 in [10] reads that the reciprocal of Ga,b(z) can be represented as

ha,b(z) =
1

Ga,b(z)
=

1
√

(z + a)(z + b)
=

1
π

 b

a

1
√

(t − a)(b − t)
1

t + z
d t.

Consequently, the function ha,b(x − a) is a Stieltjes transform and, consequently, a (logarithmically) completely monotonic
function on (0, ∞).

Let n ∈ N and a = (a1, a2, . . . , an) be a positive sequence, that is, ak > 0 for 1 ≤ k ≤ n, and no any two are same. For

z ∈ C \ [−max{ak, 1 ≤ k ≤ n}, −min{ak, 1 ≤ k ≤ n}] and n ≥ 2, let 1 = (

n  
1, 1, . . . , 1) and

Gn(z1 + a) =

 n
k=1

(ak + z)
1/n

.

Let σ be a permutation of the set {1, 2, . . . , n} such that σ(a) =

aσ(1), aσ(2), . . . , aσ(n)


is a rearrangement of a in an

ascending order aσ(1) < aσ(2) < · · · < aσ(n). Then it was obtained in [11, Theorem 1.1] that the principal branch of the
geometric mean Gn(z1 + a) has the Lévy–Khintchine representation

Gn(z1 + a) = Gn(a) + z +


∞

0
Qn,a(u)(1 − e−zu) d u,
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