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Abstract

Let G be a graph with chromatic number χ(G) and consider a partition P of G into connected subgraphs. P is a puzzle on G
if there is a unique vertex coloring of G using 1, 2, . . . , χ(G) such that the sums of the numbers assigned to the partition pieces are
all the same. P is an apuzzle if there is a unique vertex coloring such that the sums are all different.

We investigate the concept of puzzling and apuzzling graphs, detailing classes of graphs that are puzzling, apuzzling and neither.
c⃝ 2016 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

This research grew out of earlier work on variants of sudoku [1,2]. Instead of the usual partition of a square, the
sudoku board was divided into different regions. No numbers were given, but the challenge was to place numbers so
that no number appeared twice in a row or column, and the sums of the numbers in each region were the same. From
puzzles such as these, it is only a few steps to puzzling graphs.

By “vertex coloring”, we mean a minimal coloring of the vertices using the numbers 1, 2, . . . , χ(G). For this paper,
“partition” will mean a partition where the pieces are all connected.
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Definition 1. Let G be a connected graph with chromatic number χ(G). A puzzle on G is a partition

such that there is exactly one vertex coloring with the property that the sums of the vertex labels of the partition pieces
are all the same.

A graph is puzzling if there is a puzzle on the graph.

In [1] and [2], a second sort of puzzle made an appearance. Here the challenge was to place numbers so that the
sums of the numbers in the regions were all different.

Definition 2. An apuzzle on a graph G is a partition of G

such that there is exactly one vertex coloring such that the sums of the vertex labels of the partition pieces are all
different.

A graph is apuzzling if there is an apuzzle on the graph.

Many graphs are neither puzzling nor apuzzling. It is easy to see, for example, that for n > 1, Kn , the complete
graph on n vertices, is not puzzling. A puzzle must have a piece with at least two vertices. Any solution to the puzzle
generates another solution by switching the colors of the two vertices in the piece. A similar argument shows that Kn
is not apuzzling.
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