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a b s t r a c t

Let Fq be a finite field of odd order q and n = 2apa11 pa22 , where a, a1, a2 are positive integers,
p1, p2 are distinct odd primes and 4p1p2|q − 1. In this paper, we study the irreducible
factorization of xn − 1 over Fq and all primitive idempotents in the ring Fq[x]/⟨xn − 1⟩.
Moreover, we obtain the dimensions and the minimum Hamming distances of all irre-
ducible cyclic codes of length n over Fq.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Let Fq be a finite field of order q. A code C of length n over Fq is called a cyclic code if (cn−1, c0, . . . , cn−2) ∈ C for every
(c0, c1, . . . , cn−1) ∈ C . Cyclic codes over finite fields constitute a remarkable class of linear codes. Any cyclic code of length
n over Fq is identified with exactly one ideal of the quotient algebra Fq[x]/⟨xn − 1⟩. A cyclic code is called minimal if the
corresponding ideal is minimal. In fact, many well known codes, such as BCH and Hamming codes are cyclic codes, and
many other famous codes can also be constructed from cyclic codes, for example the Kerdock codes and Golay codes. Cyclic
codes also have practical applications, as they can be efficiently encoded by shift registers. It is true that every cyclic code
turns out to be a direct sum of some minimal cyclic codes.

Recently, a lot of papers investigate the minimal cyclic code, see e.g. [1,2,4,5,7,10,16,17]. It is well known that minimal
cyclic codes and primitive idempotents have a one-to-one correspondence, as every minimal cyclic code can be generated
by exactly one primitive idempotent, so it is useful to determine the primitive idempotents in Fq[x]/⟨xn − 1⟩. In [3], Arora
and Pruthi got the 2n + 2 minimal cyclic codes of length 2pn over Fq where q is an odd prime and ord2pn (q) = ϕ(pn), they
also got the explicit expression for the primitive idempotents, generating polynomials, minimum distance and dimension of
these codes in Fq[x]/⟨x2p

n
−1⟩. Pruthi and Arora (see [15]) also studiedminimal cyclic codes of length pn over Fq, where q is a

primitive rootmodulo pn, they described the q-cyclotomic cosetsmodulo pn and the primitive idempotents inFq[x]/⟨xp
n
−1⟩.

Batra and Arora also obtained the primitive idempotents in Fq[x]/⟨xp
n
− 1⟩ with ordpn (q) =

ϕ(pn)
2 in [2] and [6]. In [7], Batra

and Arora got the primitive idempotents in Fq[x]/⟨x2p
n

− 1⟩ where q is odd and ord2pn (q) =
ϕ(pn)
2 by using the method

mentioned in [2]. In [8], Chen et al. studied minimal cyclic codes of length lm over Fq where l is a prime divisor of q − 1 and
m is a positive integer.

This paper is based on [8,9,11,12,14]. First, according to [14] we generally obtain the irreducible factorization of
x2

ap
a1
1 p

a2
2 −1 overFq, where a, a1, a2 are positive integers, p1, p2 are odd primes and 4p1p2|q−1. Thenwe can get the primitive

idempotents in Fq[x]/⟨x2
ap

a1
1 p

a2
2 − 1⟩. In the last part, we provide the check polynomials, minimum Hamming distances and
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the dimensions of the codes generated by the primitive idempotents in Fq[x]/⟨x2
ap

a1
1 p

a2
2 − 1⟩. In general, we can also get the

primitive idempotents in Fq[x]/⟨xn − 1⟩ and check polynomials, minimumHamming distances, the dimensions of the codes
generated by the primitive idempotents in Fq[x]/⟨xn − 1⟩ with the case n = 2apa11 · · · · · paee where p1, . . . , pe are distinct odd
primes and 4p1 · · · · · pe|q − 1.

2. Factorization of x2apa1
1 pa2

2 − 1

In this section, we will give the factorization of xn − 1 over Fq with n = 2apa11 pa22 , where p1, p2 are distinct odd primes,
a, a1, a2 are positive integers and 4p1p2|q − 1.

There is a criterion for irreducibility of non-linear binomials over Fq, which was given by Serret in 1866 (e.g. see [13],
Theorem 3.75 or [18], Theorem 10.7).

Lemma 1. Assume that k ≥ 2, k ∈ N∗. For any γ ∈ F∗
q , with ord(γ ) = e, the binomial xk − γ is irreducible over Fq if and only if

both the following two conditions are satisfied:

(1) Every prime divisor of k divides e, but does not divide q−1
e ;

(2) If 4|k, then 4|(q − 1).

Let Fq be a finite field of odd order q. We denote all the non-zero elements of Fq by F∗
q , i.e. the multiplicative group of Fq.

For β ∈ F∗
q , we denote ord(β) the order of β in F∗

q , then ord(β) is a divisor of q−1, and β is called a primitive ord(β)th root of
unity. It is well known that F∗

q is a cyclic group of order q−1, if F∗
q = ⟨ξ⟩ for some ξ , i.e., ord(ξ ) = q−1, then ξ is a primitive

element of Fq. We also denote vp(m) the degree of p in the standard decomposition of the positive integerm. In this paper, we
assume that v2(q−1) = u, vp1 (q−1) = u1 and vp2 (q−1) = u2, where 2, p1, p2 are distinct primes and u, u1, u2 are positive
integers. Then q − 1 = 2upu11 pu22 c , where gcd(2p1p2, c) = 1. In the following, we will give the irreducible factorization of
x2

ap
a1
1 p

a2
2 − 1 over Fq. By Division Algorithm, we assume that

a = mu + r; a1 = m1u1 + r1; a2 = m2u2 + r2,
0 ≤ r < u, 0 ≤ r1 < u1, 0 ≤ r2 < u2.

For convenience, we just assume thatm ≤ 1,m1 ≤ 1 andm2 ≤ 1 here. In this paper, we denote ζk be a primitive kth root of
unity over F∗

q . Whenm = m1 = m2 = 0, the factorization of x2
ap

a1
1 p

a2
2 − 1 over Fq is given as follows:

x2
rp

r1
1 p

r2
2 − 1 =

2rp
r1
1 p

r2
2 −1∏

i=0

(x − αi),

where α = ξ 2u−rp
u1−r1
1 p

u2−r2
2 c is a primitive 2rpr11 pr22 th root of unity. By symmetry, we discuss the factorization of x2

ap
a1
1 p

a2
2 − 1

in three cases when (m,m1,m2) ̸= (0, 0, 0) as follows. Since the results below (Theorems 1–3) are special cases of [14], the
proof of which are thus omitted.

Theorem 1.When m = 1, m1 = m2 = 0, there is a factorization over Fq:

x2
u+rp

r1
1 p

r2
2 − 1 =

2up
r1
1 p

r2
2 −1∏

i=0

(x2
r
− β i),

where β = ξ p
u1−r1
1 p

u2−r2
2 c is a primitive 2upr11 pr22 th root of unity. Moreover, we suppose that i = 2tk, gcd(2, k) = 1.

(1) When t = 0, the polynomial x2
r
− β i is irreducible over Fq;

(2) When t < r, the factorization of x2
r
− β i over Fq is given as follows:

x2
r
− β i

=

2t−1∏
j=0

(x2
r−t

− ζ
j
2t β

k); (1)

(3) When t ≥ r, the factorization of x2
r
− β i over Fq is given as follows:

x2
r
− β i

=

2r−1∏
j=0

(x − ζ
j
2r β

2t−r k). (2)
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