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1. Introduction

Let m, n be integers, with 2 < m < n, let S, be the symmetric group on [n] = {1, 2, ..., n},and let§ € S, be a product
of disjoint m-cycles. In particular, if m is prime, then § is just an element of order m in S, (or the identity, if it is the product
of zero m-cycles). Writing & in cycle notation, suppose we have § is a product of k disjoint m-cycles (so mk < n), so that

d=(ay,1a12- Ay m)(az1 22 -+ AGam) - (A1 k2 - Qem)- (1.1)
Further, suppose that foreachi=1,2,...,k,a;; < gajforj=2,3,...,manda;; < dayq < --- < a1, and we then say
that § is in standard form. Let J™ (n) denote the collection of all products of disjoint m-cycles in S,, and let /™ (n, k) denote
the collection of all products of k disjoint m-cycles in S, so that § € J™ (n, k) in (1.1). Given 8 € J“™ (n, k) in standard form
asin (1.1), define span(§) as

k m
span(8) = Z Z(ai,j —a—1).

i=1 j=2
For example, suppose § € J® (9, 3), where § = (1 6 9)(2 7 4)(3 5 8). Then
span@) =G6-D+B-D+G-D+2-D+2-1D+G-1) =21

Given an m-cycle (a; a; ...ay,) € S, in standard form, draw its arc diagram by drawing, along a line containing points
labeled from [n], an arc for each pair (a4, g;), j = 2, ..., m, where the arc (ay, a;) is drawn under (a;, a;) when [ > j. When
a; > a;and j > I, then the arcs (ai, g;) and (a;, a;) intersect in the arc diagram, which we call an internal crossing of the
m-cycle. That is, the number of internal crossings of the m-cycle (a; a, ... ay) is equal to the number of pairs (a;, g;) from
the sequence ay, as, ..., ay, which satisfy i < jand a; < ag;, which we call ascents of this sequence (which are also known

as non-inversions). In Figs. 1 and 2, for example, we show the arc diagrams for the 5-cycles (145 3 2) and (1 2 4 5 3), with
the internal crossings circled.
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Fig. 3. Arc diagram and all crossings of (16 9) (27 4) (35 8).

If § € J™ (n, k), the arc diagram for § is drawn by drawing the arc diagram for each of the k disjoint m-cycles of §. There
may be intersections of the arcs from different m-cycles of §, which we call external crossings of §. Let G, (§) denote the total
number of internal crossings in the arc diagram of §, and Cex(8) denote the total number of external crossings in the arc
diagram of §. The crossing number of §, C(§), is then defined as C(§) = Cex(§) + Cin(8). In Fig. 3, we show the arc diagram
for8 = (169)(27 4)(358) € J®(9, 3), with internal crossings in circles and external crossings in boxes.

Now, given any & € /™ (n), we define the weight of 8, which we denote wt,,(§), as

Wtp(8) = span(8) — C(8) = span(8) — Cex(8) — Cin(8).

So,foré = (16 9)(2 7 4)(3 5 8), since span(§) = 21 and C(§) = 7 from Fig. 3, then wt3(§) = 14. We note that for m = 2,
our definition of weight coincides precisely with that from [5], since if § € S, is an involution, then G, (§) = 0.
Givenintegersn, k > 0, m > 2, withmk < n, define the weight generating function, denoted jfzm) (n, k), to be the following

polynomial in an indeterminate q:

Jém) (n, k) — Z qwtm (8) .

8] (n, k)

In Section 2, we prove a recursive relation on the weight generating function in terms of n and k (Theorem 2.1), and we
use it to compute an exact formula (Corollary 2.1) for jﬁ,"') (mn, n), the weight generating function for the set of products of
disjoint m-cycles in Sy, which are fixed-point free. We use the notation F™ (mn) = J™ (mn, n) for the set of fixed-point
free products of disjoint m-cycles in Sp,,.

In Section 3, we introduce the Bruhat order (sometimes called the strong Bruhat order) on the symmetric group S,,, which
makes S, a graded poset with grading given by the number of inversions of a permutation. We consider a specific subset
E(ny) of a permutation group S(n,,) (identified with S,,,), and the set E (n,,) is in bijection with the set F(™ (mn) of fixed-
point free products of disjoint m-cycles in S,;,. In Proposition 3.1, we show that an explicit bijection ¢ defined between these
two sets maps the weight wt,,, of a permutation in F™ (mn) to the number of inversions of the permutation in E(n,).

Now let §, w € F™ (mn), and suppose that

d=(m1a12- - A m)(@21 022 -+ Aom) - (Gn1 G2 * -+ Gom)
is in standard form. Then 7 is obtained from § by an interchange if one of the following holds:

(i) Thereis somei, 1 < i < n,and somej,[,2 < j,I < m, such that the standard form of 7 is obtained by interchanging
a;jand g;; in 6.
(ii) Therearesomei,j, 1 <i <j < n,andsomel, 2 < | < m, such that the standard form of 7 is obtained by interchanging
a;and gjqiné.
(iii) There are some i,j,l,h,2 < Lh < m,l # h,1 < i < j < n, such that the standard form of 7 is obtained by
interchanging a;; and g; ; in 8.
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