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1. Introduction

Hamming space 5 of binary k-strings, equipped with the Hamming distance is one
of the classical objects studied in combinatorics. Its properties that received significant
attention are the maximal packing densities, covering numbers, isoperimetric inequalities,
list-decoding properties, etc. In this paper we are interested in studying metric properties
of maps f : F5 — F% between Hamming spaces of different dimensions.

Indeed, frequently one is interested in embedding F% into F% “expansively”, i.e. so
that points that were far apart in 5 remain far apart in F%. Two immediate examples of
such maps are: the error-correcting codes with rate k/n and minimum distance d satisfy

[z —2'| >0 = |f(z) = f(a)| 2 d,

where here and below |z| = ||z|lo = |{i : z; # 0}] is the Hamming weight of the vector.

Another example is the repetition coding with f(x) mapping z into %

% repetitions of .
This map satisfies:

|z — 2’| > ak = |f(z) — f(2")| > an. (1)
With these two examples in mind, we introduce the main concept of this paper.

Definition 1. A map f : F5 — [7 is called an (o, 3; k,n)-map (or simply an (o, 3)-map)
if ak and Bn are integers and for all z, 2’ € F5 we have either

[f(x) = f@@)] > pn or |z—2a'|<ak, (2)
where 5 is the Hamming space of dimension k over the binary field.
We next define the Hamming graphs H(n, d) for integer d € [0, n] as follows:
V(H(n,d))=F%, E(H(n,d))={(z,2"):0<|z—2| <d}. (3)

By V(G), E(G) and «(G) we denote the vertices of G, the edges of G and the cardinal-
ity of the maximal independent set of G. All graphs in this paper are simple (without
self-loops and multiple edges). By G we denote the (simple) graph obtained by comple-
menting F(G) and deleting self-loops.

The relevance of Hamming graphs to this paper comes from the simple observation:

(o, B kyn)-map <= H(k,ak) — H(n,[n),

where G — H denotes the existence of a graph homomorphism (see Section 3 for defini-
tion).

This paper focuses on proving negative results showing impossibility of certain pa-
rameters (a, 3). Note that there are a variety of methods that we can use to disprove
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