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We consider properties of subsets of Tychonoff products and their relations with 
properties of projections. By this way we get some cardinal inequalities for 
topological spaces.
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1. Introduction

The cardinality of a topological space is one of the main characteristic of the space.
Archangel’skǐı’s theorem [2] states that |X| ≤ 2χ(X) for a compact (and even a finally compact) T2-spaces.
Moreover, |X| ≤ 2ψ(X) for a compact T1-space [4].
In [5] we considered properties of subsets of Tychonoff products and their projections.
Using these properties, we proved some cardinality inequalities.
Here we prove Theorem 3.1 from which it directly follows, in particular, Archangelskǐı’s inequality for 

compact T2-spaces and also the inequality for locally compact connected T2-spaces.

2. Preliminaries

Notation used in the paper is standard. By |X|, χ(X), ψ(X), w(X) we denote cardinality, character, 
pseudocharacter and weight of a space X respectively. By [B] we denote the closure of a set B. We assume 
that all spaces are T2-spaces.
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All definitions and notions used in the paper can be found in [1,3].
Recall some notions and facts (see [5]).
Let 

∏
α∈A

Yα be the Tychonoff product of topological spaces Yα (α ∈ A).

For a subset A′ ⊆ A the space 
∏

α∈A′
Yα is called an A′-face of 

∏
α∈A

Yα.

A mapping πA′ : 
∏

α∈A

Yα →
∏

α∈A′
Yα, defined by the rule:

if x = {xα: α ∈ A} ∈
∏

α∈A

Yα, then πA′(x) = {xα: α ∈ A′} ∈
∏

α∈A′
Yα, is called an A′-projection of 

∏
α∈A

Yα.

If X ⊆
∏

α∈A

Yα and A′ ⊆ A, then the restriction pA′ = πA′ |X is called a A′-projection of X, pA′ : X →

pA′(X) ⊆
∏

α∈A′
Yα.

Let X ⊆
∏

α∈A

Yα.

For every point x ∈ X fix the set

A(x) ⊆ A, |A(x)| ≤ χ(X)

and the family B(A(x)), consisting of sets W of the type

W = Uα1 × ..× Uαn
×

∏
α∈A\{α1,..,αn}

Yα,

where α1, .., αn ∈ A(x), Uαi
⊆ Yαi

are open for i = 1, . . . , n, n ∈ ω, such that the family

{W ∩X : W ∈ B(A(x))}

is the base of x in the space X.

Lemma 2.1. ([5]) Let X ⊆
∏

α∈A

Yα and x ∈ X. Then there is A′ ⊆ A, |A′| ≤ ψ(x, X) such that 

|p−1
A′ (pA′(x))| = 1.

From Lemma 2.1 it follows that for every point x ∈ X, X ⊆
∏

α∈A

Yα, we have |p−1
A(x)(pA(x)(x))| = 1, for 

the A(x)-projection pA(x): X → pA(x)(X).

Definition 2.1. A continuous mapping f : X → Y is called a locally quotient (l-quotient) if the following is 
true:

if a closed set A ⊆ X is such that A = f−1(f(A)), then the for every x ∈ A there is a neighbourhood 
Ox such the f([Ox ∩A]) is closed in Y .

A quotient mapping f : X → Y , and therefore a closed or an open mapping, is l-quotient. Then if 
f : X → Y is a continuous mapping, X, Y are T2-spaces and X is a compact or locally compact space, then 
the mapping f is l-quotient.
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