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Two notions of ‘neighbourhood structure’ are compared within a constructive 
framework, before a third, new notion is introduced: that of a pre-uniform 
neighbourhood structure. It is shown that with every basic uniform neighbourhood 
structure on an inhabited set there is associated a natural set–set apartness relation. 
A large class of uniform neighbourhood spaces is produced by a construction that 
classically gives the unique totally bounded uniform structure inducing the given 
apartness on a symmetric T1 apartness space with the Efremovič property. Thus 
although, constructively, it remains unknown (and very unlikely) that such an 
apartness is generally induced by a uniform structure, it closely corresponds with a 
uniform neighbourhood structure. Uniform neighbourhood structures also provide 
a setting for notions of total boundedness and continuity akin to those in uniform 
spaces.

© 2016 Published by Elsevier B.V.

1. Introduction

According to an important theorem in the classical theory of proximity spaces, each proximity rela-
tion satisfying the Efremovič condition on a set X is induced by a unique corresponding totally bounded 
uniform structure Bw; see [15] (pp. 71–73). In the constructive counterpart theory, expounded in [9] and 
based on a primitive notion of set–set apartness rather than one of proximity, it seems highly unlikely 
that Bw, even though it is described explicitly, is provably a uniform structure.1 In this paper we prove 
constructively—that is, using intuitionistic logic and an informal set theory à la Bishop [3,4]—that if the 
apartness space is symmetric, has the Efremovič property, and is Hausdorff (or equivalently, in view of the 
Efremovič property, T1), then Bw is what we call a ‘uniform neighbourhood space’, something very close 
to a uniform space. Since the natural apartness ��w associated with Bw coincides, at the point–set level 
(though not, constructively, always at the set–set one) with the original apartness on X, this sheds more 
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1 Note that Ishihara, in [11], has proved that every weakly uniform quasi-apartness is induced by a uniform structure. However, his 

notions of ‘quasi-apartness’ and ‘uniform structure’ are substantially weaker than ours of ‘apartness’ and ‘uniformity’, respectively.
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light on the constructive content of the classical result relating an Efremovič apartness to the corresponding 
structure Bw.

Although, following Bishop [3,4], we do not insist on predicativity of our notions, the various types of 
neighbourhood structure used below will be defined in terms of families of sets that form a basis of the 
structure. If X and the index set of the basis are genuine sets in a predicative formal theory, such as the 
CZF described in [1,2] or Martin-Löf’s type theory [13,14], then the notions being defined will also be true 
sets therein. But when we come to define the special set Bw in Section 4, we will definitely be in the domain 
of the impredicative.

We begin with some basic material on neighbourhood spaces, and then make the leap from the general 
to the particular, from neighbourhood spaces to uniform neighbourhood ones. This leads to the space Bw

and its associated uniform neighbourhood structure. In addition, we look briefly at forms of continuity and 
total boundedness associated with uniform neighbourhood spaces.

We refer the reader to [3,4,7,8] for background on Bishop-style constructive mathematics, and to [9] for 
material on apartness spaces and uniform structures. Related work on neighbourhood and apartness spaces 
is found in [10,12,11].

2. Neighbourhood spaces

The classical properties of neighbourhoods of points in a topological space lead us to the constructive 
notion of a classical neighbourhood space: a triple

(
X, (Ix)x∈X , ((Vx,i)i∈Ix)x∈X

)
(1)

consisting of an inhabited set X, a family (Ix)x∈X of inhabited sets, and for each x ∈ X a family (Vx,i)i∈Ix

of subsets of X, such that the following properties hold:

Nc1 ∀x∈X∀i∈Ix (x ∈ Vx,i);
Nc2 ∀x∈X∀i,j∈Ix∃k∈Ix (Vx,k ⊂ Vx,i ∩ Vx,j);
Nc3 ∀i∈Ix∃j∈Ix∀y

(
y ∈ Vx,j ⇒ ∃k∈Iy (Vy,k ⊂ Vx,i)

)
.

The family (Vx,i)i∈Ix
is then a base of classical neighbourhoods of x, and is a filter base on X. The filter 

generated by (Vx,i)i∈Ix is the classical neighbourhood filter of x, whose elements are the classical neighbour-
hoods of x. As classically, the corresponding classical-neighbourhood topology on X is the set of all open sets: 
subsets A of X such that

∀x∈A∃i∈Ix (Vx,i ⊂ A) .

Within, for example, the CZF set theory presented in [1,2], as long as each Ix is a set, the foregoing provides a 
predicative notion of ‘classical neighbourhood’, built up from that of the basic classical neighbourhoods Vx,i. 
From a predicative point of view, however, the resulting topology is not a set, as its definition uses quan-
tification over arbitrary subsets of X.

Bishop ([3], Chapter 3, Section 3) has a rather different approach to topology, in which the fundamental 
notion is a Bishop neighbourhood space: a set X together with a family (Ui)i∈I of subsets—basic Bishop 
open sets—of X such that

∀x∈X∃i∈I (x ∈ Ui)

and

∀x∈X∀i,j∈I (x ∈ Ui ∩ Uj ⇒ ∃k∈I (x ∈ Uk ⊂ Ui ∩ Uj)) .
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