Annals of Pure and Applied Logic 166 (2015) 755-766

Contents lists available at ScienceDirect

Annals of Pure and Applied Logic

www.elsevier.com /locate/apal

The members of thin and minimal H(l’ classes, their ranks and @ CroseMark
Turing degrees ™

Rodney G. Downey **, Guohua Wu ", Yue Yang®

& Victoria University of Wellington, School of Mathematics, Statistics and Operational Research,
Wellington, New Zealand

Y Division of Mathematical Sciences, School of Physical €& Mathematical Sciences, College of Science,
Nanyang Technological University, Singapore 639798, Singapore

¢ Department of Mathematics, National University of Singapore, Singapore 119076, Singapore

ARTICLE INFO ABSTRACT
Article history: We study the relationship among members of I1{ classes, thin II{ classes, their
Received 2 December 2013 Cantor—Bendixson ranks and their Turing degrees; in particular, we show that any

Received in revised form 16 March
2015

Accepted 24 March 2015 . .
Available online 1 April 2015 not closed under join.

nonzero AJ degree contains a member of rank « for any computable ordinal a.
Furthermore we observe that the degrees containing members of thin I1{ classes are
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1. Introduction

A (computably bounded) I1{ class can be thought of as the collection of paths [T'] through a computable
binary tree T'. Their interest stems from the fact that they code many constructions in mathematics. For
example, given any II{ class C, there is a computable real closed field whose collection of orderings is in 1-1
correspondence with the members of C, in fact, in a many—one degree preserving way (see [12]). Another

* Downey was partially supported by the Marsden Fund New Zealand. Wu is partially supported by MOE2011-T2-1-071
(ARC17/11, M45110030) from Ministry of Education of Singapore and RG29/14, M4011274 from NTU. Yang’s research was
partially supported by MOE2013-T2-2-062, NUS research grant WBS 146-000-159-112 and NSFC (No. 11171031).
* Corresponding author.

E-mail addresses: Rod.Downey@msor.vuw.ac.nz (R.G. Downey), guohua@ntu.edu.sg (G. Wu), matyangy@nus.edu.sg
(Y. Yang).

http://dx.doi.org/10.1016/j.apal.2015.03.004
0168-0072/© 2015 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.apal.2015.03.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apal
mailto:Rod.Downey@msor.vuw.ac.nz
mailto:guohua@ntu.edu.sg
mailto:matyangy@nus.edu.sg
http://dx.doi.org/10.1016/j.apal.2015.03.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apal.2015.03.004&domain=pdf

756 R.G. Downey et al. / Annals of Pure and Applied Logic 166 (2015) 755-766

classic example is that the degrees of complete extensions of Peano Arithmetic are exactly those of certain
kinds of I1{ classes which separate an effectively inseparable pair of c.e. sets (see [15]). As a consequence
the study of II{ classes is an important topic in mathematical logic, of relevance to proof theory, reverse
mathematics, computable algebra and analysis, model theory, and algorithmic randomness. The survey
paper [1] provides excellent introductions to theory and applications of II{ classes.

The present paper is part of a long term programme which seeks to understand the relationships between
the degrees of members of I1{ classes, the Cantor-Bendixson ranks of II9 classes, and the position of a I1¢
class in the lattice of TI? classes. For example, if a countable ITY class C has rank 1, then every member of the
class is computable from 0", and if C = [T] where T is a tree having no dead ends, the degrees of members
of C are further constrained to be computable from the halting problem. This result was generalized to all
computable ordinals by Cenzer, Clote, Smith, Soare and Wainer [3]. At the other extreme, if a nonempty
I19 class A has no computable members, then for any & > 0’, A has a member X with X’ of degree x, the
case with & = 0" being known as the Low Basis Theorem (all in Jockusch and Soare [10]).

The particular question motivating this paper is the following:

Suppose that a degree a has a member of rank r. Does it also have members of other ranks? If so, then
what can other ranks be?

This question was first tackled by Cenzer and Smith [2] who proved that if @ < 0’ then a has a member of
rank 1. On the other hand, Downey [7] proved that there are degrees b with 0 < b < 0” all of whose members
have a fixed rank r < w for any r > 0. In particular, there is such a b all of whose members have rank 1.

Cholak and Downey [5] generalized the Cenzer—Smith result. They showed that a computably enumerable
and nonzero a contains a set X of rank « for any computable ordinal a. By rank o we mean that X belongs
to a countable II{ class of Cantor-Bendixson rank «, and not to one of any rank < a. Furthermore, a
contains a point Y which is not in any countable II{ class.

Our first result is to extend the Cholak-Downey result to all A degrees.

Theorem 1.1. Suppose that 0 < a < 0’, and that o is a computable ordinal greater than zero. Then a
contains a set X of rank .

Our remaining results concern what are called thin I1) classes. These classes are the analogues of maximal
sets (or more properly hyperhypersimple sets) for the lattice of I19 classes. They are defined as infinite
classes C such that for any I1{ subclass D C C, there is a clopen set F with D = FNC. From Cholak, Coles,
Downey and Herrmann [6], we know that this is equivalent to saying that the lattice of IIY subclasses of C
forms a boolean algebra. Under duality, thin classes were first constructed by Martin and Pour-El [11] who
constructed an essentially undecidable theory of propositions all of whose extensions were principal. In fact,
they constructed a perfect thin ITY class. Perfect here means that there are no isolated points in the class. In
passing, we remark that in [3] it is shown that these perfect thin classes form an orbit in the automorphism
group of the lattice of I1{ classes, and allow us to show that the “array noncomputable degrees” are invariant
for this lattice in the same way that the high degrees are invariant via the maximal sets in the lattice of
computably enumerable sets.

Next in Cenzer, Downey, Jockusch and Shore [4], it was shown that it is possible to construct a minimal
class M; a thin class of rank 1 with a unique rank one point. An equivalent formulation of minimality is
that M is infinite and every 119 subclass is either finite or co-finite. The Cenzer—Smith phenomenon is not
true for members of thin classes, that is, Cenzer et al. [4] showed that not every computably enumerable
degree has members of thin classes: there is a c.e. a such that if X € a, then X is not thin. They also
showed that for any computable « there is a set X of rank a and which lies on a thin class of rank a.

One of the goals of this project was to examine the relationship between thinness, ranks, and degrees.
Our initial guess was that ranks and thinness should behave in a complex way. However, to our surprise, in
the AY case, we found that thinness has nothing to do with rank.
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