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a b s t r a c t

We develop an approximation model for the sojourn time distribution of customers or jobs arriving to an
acyclic multi-server queueing network. The model accepts general interarrival times and general service
times, and is based on the characteristics of phase-type distributions. The model produces excellent
results for multi-server networks with a small to medium number of workstations, but is less accurate
when the number of workstations is large.

& 2015 Published by Elsevier Ltd.

1. Introduction

For many service and order fulfillment settings, mean perfor-
mance measures such as average work in process and expected
flow time are insufficient as a means of understanding system
performance and its implications for customer service. For exam-
ple, rather than knowing that average flow time, or sojourn time, in
an order fulfillment center is 50 min, managers might like to know
what fraction of orders experience time in the system greater than,
say, 3 h. Answering such detailed questions requires a distribution
of sojourn time, rather than just its mean value.

Much of the literature on sojourn time modeling is focused on
calculating the mean flow time (or simply the waiting time) in single-
stage queues or in queueing networks [15]. Workstations in these
systems may have one or many servers. The subject of our work is
calculating the distribution of sojourn time, a more difficult task.
Specifically, we show how to approximate the sojourn time distribu-
tion of customers arriving to a serial or an acyclic queueing network,
when interarrival times and processing times can be general.

Existing research on sojourn time modeling can be divided into
four categories, according to whether the models address single-
stage systems or networks, and whether they address single or
multiple servers per workstation. The simplest case is single-stage,
single-server systems. Neuts [8] describes a matrix-geometric
method to calculate the sojourn time distribution for a GI/G/1
system using phase type distributions. Luh and Zheng [6] imple-
mented Neuts' method in MATHEMATICA. Sengupta [12] used a
bivariate Markov process to model waiting time and queue length

distributions in a GI/PH/1 queue. His method is a “continuous
analog” of the matrix-geometric method in Neuts [8]. Sengupta
also showed that if the interarrival and service time distributions
in a single-stage, single-server queue are phase-type, then the
waiting time distribution is also phase-type.

Asmussen and O'Cinneide [2] verify the same result for a
single-stage, multi-server queue, in a paper extending Sengupta's
work to the GI/PH/c case. Their model admits heterogeneous servers.
Asmussen and Møller [1] show how to calculate the waiting time
distribution in a GI/PH/c and MAP/PH/c queue, for both homogeneous
and heterogeneous servers. Whitt [16] also addresses single-stage,
multi-server systems, but examines state dependent waiting time
distributions. For example, he shows how to compute thewaiting time
distribution for the k-th customer in line in a c-server, single-stage
system. Rueda [10] develop an approximation for the waiting time
distribution of single-stage queues with non-stationary interarrival
and processing time distributions.

Sojourn time distributions for queueing networks of single-
servers have been addressed by Shanthikumar and Sumita [13],
You et al. [18], and Yoon [17]. Shanthikumar and Sumita [13]
approximate the sojourn time distribution of an M/G/1 queueing
system as one of three phase-type distributions (generalized
Erlang, exponential, and hyperexponential), based on a “service
index,” which is defined as the squared coefficient of variation of
the total service time of an arbitrary job. Neuts [8] showed that the
convolution of phase type distributions is also phase type. You
et al. [18] used this observation to show how to calculate the
sojourn time distribution for queueing networks, with general
interarrival and service times. In a paper published in Korean,
Yoon [17] developed a method very similar to that of You et al.

Mandelbaum et al. [7] develop models for Markovian multi-
server queueing networks in which customers can abandon and
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retry to enter. They assume Markovian interarrival and service
times. Gue and Kim [4] develop a state-dependent sojourn time
distribution model for remaining time of a customer in a multi-
server, multi-stage queueing system where the state of the system
is the number of customers in each stage ahead of the customer of
interest. The model allows general service times, but does not
involve interarrival times because customers arriving after a
customer is in the system do not affect its sojourn time.

Missing from the literature are models of sojourn time dis-
tributions for queueing networks with multiple servers, when
interarrival and service times can take general distributions. We
fill that void here. We believe that ours is the first approximation
model of sojourn time distributions for queueing networks of
multi-server workstations.

Our model is based on the work of Neuts [8], Asmussen and
Møller [1], and You et al. [18]: we use the bivariate Markov process
of Asmussen and Møller to extract the mean and variance of
waiting times for each multi-server workstation. We then con-
struct phase type distributions for waiting time and service time
based on those means and variances. Then we use the method of
You et al. to construct an infinitesimal generator and initial
probability vector for the network. With these we can calculate a
sojourn time distribution for the network of multi-server queues.
For reasons we discuss below, this model produces good results
only when the inverse of the squared coefficient of variation (1/C2)
is close to an integer. We correct this weakness with a simple but
effective interpolation scheme. We demonstrate the validity of our
model by comparing it with results from a simulation model.

2. Phase-type distributions

Consider a Markov process on states f1;…;mþ1g, having
infinitesimal generator

Q Q0

0 0

" #
;

where Q is an m�m matrix satisfying Qiio0, for 1r irm, and
QijZ0, for ia j (For consistency, we follow the notation of [8]). Q 0

is a column vector of size m such that

QeþQ0 ¼ 0;

where 0 is a row vector of zeros and e is a column vector of ones.
The initial probability vector of Q is β¼ ðβ1;β2;…;βmÞ such that
βe¼ 1.

We are interested in the time until absorption into state mþ1,
whose distribution Neuts [8] defines as phase-type.

Lemma 1 (Neuts [8]). The probability distribution Fð�Þ of the time
until absorption in the state mþ1, corresponding to the initial
probability vector β;βmþ1

� �
, is given by

FðxÞ ¼ 1�βeQxe:

Because Fð�Þ is completely specified by β and Q , the pair ðβ;Q Þ is
called a representation of Fð�Þ.

Neuts [9] provides the density function on ð0;1Þ:
f ðxÞ ¼ βeQxQ 0 ¼ βeQxð�Q Þe:

For each distribution of service or waiting times in a network,
we seek a phase-type approximation for which we can generate a
matrix-analytic model of the CDF. We use the fact that finite
convolutions of phase-type distributions are also phase-type [8] to
generate solutions for a queueing network, as in You et al. [18].

The phase-type distribution is used to fit a general distribution
based on the throughput rate λ and the squared coefficient of

variation C2 of a given positive random variable X. Sauer and
Chandy [11], You et al. [18], and Tijms [14] showed different fitting
methods that can convert a general distribution to a correspond-
ing phase-type distribution based on the C2 of the distribution.

A general distribution can be approximated with the Erlang
distribution, the exponential distribution, or the hyperexponential
distribution, based on its first and second moments. We follow the
rule of You et al. [18]:

When C2o1, we convert a general distribution to an Erlang
distribution, Erlangðm;μÞ, of order m. The infinitesimal generator is

Q ¼

�μ μ 0 ⋯ 0 0
0 �μ μ ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 0 �μ

2
66664

3
77775; Q0 ¼

0
0
⋮
μ

2
66664

3
77775;

where m¼ ⌈1=C2⌉ and μ¼mλ. The phase-type representation of a
general distribution is represented by β¼ ð1;0;…;0Þ and Q.

When C241, we use the hyperexponential distribution with
balanced means, HE2, of order 2. We use the following normal-
ization for this process:

p
μ1

¼ q
μ2

:

The phase-type representation of a general distribution is given by
β¼ ðp; qÞ and

Q ¼
�μ1 0
0 �μ2

" #
; Q0 ¼

μ1

μ2

" #
;

where p¼ 1
2 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC2�1Þ=ðC2þ1

q
Þ

� �
, q¼ 1�p, μ1 ¼ 2pλ and

μ2 ¼ 2qλ.
When C2 ¼ 1, we have an exponential distribution [14] repre-

sented by β¼ 1 and Q,

Q ¼ �λ; Q0 ¼ λ:

3. Intuitive model

We now describe our model, which extends the work of
Asmussen and Møller [1] and You et al. [18] to produce an
approximation of the sojourn time distribution for a network of
multi-server queues. For the waiting time distribution of a single-
stage, multi-server system, we follow Asmussen and Møller's
method, then we assume independence and convolve waiting
times and service times in the system based on the method of You
et al. The model requires only the following input, which should
be available in most real systems: mean and variance of processing
times for each workstation and mean and variance of interarrival
times to the system.

The procedure is as follows:

1. Compute the arrival rate and SCV of an arrival process at each
workstation using the Queueing Network Analyzer (QNA)
method of [15].

2. Approximate an interarrival time and service time distribution
of each workstation i as a corresponding phase-type distribu-
tion ðαi;AiÞ and ðβi; SiÞ based on Ca

2 and Cs
2.

3. Compute the mean and variance of waiting time of each
workstation i using the method of Asmussen and Møller.
Approximate the waiting time distribution of each workstation
i as a corresponding phase-type distribution ðγi;W iÞ based on
Cw
2 .

4. Assume independence and convolve all waiting times and service
times sequentially to generate a phase-type representation of the
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