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a b s t r a c t

The combustion of biomass fuel provides efficient and inexpensive utilization of solid biomass. Biomass
particles generally exhibit non-spherical shapes, which affect the heat and mass transfer and further the
char surface reactions. The prolate and oblate spheroidal particles are considered presently. The energy
balance is employed for the gas phase near the particle in spheroidal coordinate system. A theoretical
study is conducted on the char combustion of the spheroidal particles under either static conditions or
forced convection. The expressions for the Nusselt numbers of both prolate and oblate spheroids are
obtained. The char combustion rates for the spheroidal particles are affected by the Nusselt number
and the particle surface area.
� 2017 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.

1. Introduction

The utilization of solid biomass in industrial combustion appa-
ratus has raised great interest in recent years [1,2]. During combus-
tion processes, biomass particles are consumed by both thermal
decomposition reactions and char oxidation. The biomass char
combustion is a heterogeneous surface reaction between gas and
particle. It is closely related to the instantaneous particle geometry.
Electron microscopy images of typical biomass particles show that
most of biomass particles are non-spherical [3,4]. For example,
straw and pine wood particles approximate to prolate spheroids
or cylinders, while sawdust particles tend to be oblate spheroids
or discs. The surface area of the non-spherical particle is larger
than that of the spherical particle having the same volume. The
increasing particle surface area will then affect the combustion
dynamics and heat and mass transfer properties [5,6].

The quantitative description on the combustion of non-
spherical particles is concerned in developing its mathematical
model. Although the complexity and inhomogeneity of non-
spherical particles add to the difficulty, there are some studies with
focus on the char combustion model for non-spherical particles.
Pinho et al. [7] investigated the char combustion for prolate spher-
oid particles in a quiescent environment. They proposed an impli-
cit expression for the char combustion in the diffusion controlled

combustion regime. The char combustion rate for prolate spheroid
particles was shown to be greater than that for the spherical parti-
cles having the same volume. By means of ellipsoidal coordinates,
Grow [8] proposed an integral expression for the oxygen mass flux
at the surface of a prolate spheroid under quiescent environment.
The ratio of the average mass flux to that for a spherical particle
was found to vary from 1.00 to 1.16 as the particle aspect ratio var-
ies from 1.05 to 5. As an extension of Grow’s work [8], Gera et al.
[9,10] defined an enhancement factor that accounts for the non-
spherical shape of biomass particles. It was calculated by solving
the ratio of the average oxygen mass flux at the surface of a prolate
particle to that for a spherical particle with the same surface area.
The enhancement factor is a complex integral expression. Yin et al.
[11] further simplified the enhancement factor. A simple algebraic
function of the enhancement factor varying with the particle
sphericity was proposed. Golovin et al. [12] derived the Peclet
numbers for prolate and oblate spheroids and obtained the char
combustion rates for spheroidal particles.

It is noted that most of the previous theoretical studies on the
char combustion rates for spheroidal particles are based on the
mass conservation. The enhancement factors are obtained for the
mass transfer between gas and spheroidal particle. On the other
hand, the gas-particle heat transfer is also affected by the non-
spherical particle shape. The char combustion rates of spheroidal
particles can be formulated on the basis of energy conservation.
With the aid of spheroidal coordinates, the energy balance in the
gas layer near the particle surface is studied by illustrating the
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gas heat fluxes associated with the burning char surface. The
analytical expressions for the char burning rates of both prolate
and oblate spheroids are obtained under static conditions.
These expressions are extended to consider the influences of
convective heat transfer between gas and particle. The effects of
particle aspect ratio on the heat transfer to burning char are
delineated.

2. Heat transfer to burning char of spheroidal particle

2.1. Gas energy conservation near the particle surface

Char reactions with gas phase are assumed to occur on the sur-
face of spheroidal particle. There is no reaction in the gas layer near
the particle surface. It means that the single-film approach is
adopted under the present conditions of particle size and gas envi-
ronment temperature [13,14]. No heat is conducted into the parti-
cle interior and the particle temperature maintains unchanged. The
radiative heat transfer between the surroundings and the particle
is ignored. The gas and particle have no relative motion and the
flow near the particle is symmetric. The gas temperature is uni-
form over the particle surface. The gas specific heat is taken as con-
stant. The total gas heat flux at the surface of a concentric spheroid
outside the particle is written as

q ¼ �k
@T
@n

þ gcpT ð1Þ

where T and n represent the gas temperature and the outward nor-
mal direction at the surface of the concentric spheroid, respectively
and g is the total gas mass flux.

The ellipsoidal coordinate system is introduced to study the
char combustion of ellipsoidal particles. The surface of an ellipsoid
is given by the equation x2/a2 + y2/b2 + z2/c2 = 1. Here a, b, and c
denote its semi-axes [15]. The ellipsoidal coordinates (n, g, f) are
obtained by solving the equation x2/(a2 + s) + y2/(b2 + s) + z2/
(c2 + s) = 1. They can be obtained from the Cartesian coordinates
(x, y, z) as follows:

x2 ¼ ða2þnÞða2þgÞða2þfÞ
ða2�b2Þða2�c2Þ

y2 ¼ ðb2þnÞðb2þgÞðb2þfÞ
ðb2�a2Þðb2�c2Þ

z2 ¼ ðc2þnÞðc2þgÞðc2þfÞ
ðc2�a2Þðc2�b2Þ

ð2Þ

The equation x2/(a2 + n) + y2/(b2 + n) + z2/(c2 + n) = 1 represents
the concentric ellipsoid surface for n being constant. It stands for
the ellipsoid surface when n = 0.

The unit vector outward normal to the surface of the concentric
ellipsoid is given by

n ¼ 1
H
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where
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Thus the normal derivative of gas temperature can be written as
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Utilizing the results of partial differentiation to Eq. (2) yields

@T
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¼ 2
H
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ð6Þ

Thus Eq. (1) becomes

q ¼ �2k
H

@T
@n

þ gcpT ð7Þ

Integrating the above equation over the surface of the concentric
ellipsoid givesZZ

P
qds ¼ �
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P
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dsþ
ZZ
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where P denotes the concentric ellipsoid surface. The gas tempera-
ture is only a function of the coordinate n by symmetry. Thus the
above integrations are obtained asZZ

P
gcpTds ¼ GccpT ð9Þ
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where Gc is the total mass flow rate on the particle surface or the
char burning rate. Utilizing the gas energy conservation and the
temperature boundary conditions at the particle surface, we have

Nomenclature

a, b, c semi-axis of ellipsoid (m)
A particle surface area (m2)
cp gas specific heat (J/(kg�K))
E scale factor (m3)
ex, ey, ez Cartesian coordinate unit vectors (m)
g total gas mass flux (kg/(m2�s))
Gc char burning rate (kg/s)
h gas-particle heat transfer coefficient (W/(m2�K))
H scale factor (m�1)
M particle aspect ratio
n unit vector outward normal to the ellipsoid surface (m)
Nu Nusselt number
Nu0 Nusselt number under static conditions
Pr gas Prandtl number
Qh oxidation reaction heat of char (kJ/kg)
q total gas heat flux (W/m2)
r sphere radius (m)
Rek particle Reynolds number

Tk particle temperature (K)
T1 gas temperature in surrounding environment (K)
x, y, z Cartesian coordinates (m)

Greek symbols
n, g, f ellipsoidal coordinates (m2)
k gas thermal conductivity (W/(m�K))
P concentric ellipsoid surface
Ps particle surface
w particle sphericity

Subscripts
os oblate spheroid
ps prolate spheroid
sp sphere
sup film boundary
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