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a b s t r a c t 

In order to capture the rationality experienced by decision makers in choosing the best 

alternative(s), of much interest is to study the consistency of preference relations in the 

analytic hierarchy process (AHP). When the typical AHP is extended by using fuzzy num- 

bers to evaluate the opinions of decision makers, the consistency of fuzzy judgments is 

worth to be considered. In this paper, we analyze some definitions of interval additive re- 

ciprocal matrices with additive consistency. It is concluded that interval additive reciprocal 

matrices are inconsistent in essence. The concept of additive approximation-consistency 

of interval additive reciprocal matrices is proposed. Moreover, a novel exchange method 

is designed to enumerate all permutations of alternatives for checking the approximation- 

consistency. By considering the randomness exhibited in pairwisely comparing alternatives, 

a method of obtaining the interval weight vector is given. A new algorithm of solving the 

decision making problem with interval additive reciprocal matrices is proposed. Finally, 

two numerical examples are carried out to illustrate the new definition and some compar- 

isons are offered. 

© 2017 Elsevier Inc. All rights reserved. 

1. Introduction 

When one is faced with a complex decision making pursuit, a feasible method is helpful to achieve a rational and rea- 

sonable decision. The hierarchical approach proposed by Saaty [25,26] has been widely used to reduce a complex system or 

planning process to a hierarchy of criteria, sub-criteria and alternatives. By pairwisely comparing alternatives, the opinions 

of decision makers are expressed as preference relations. Then they are used to derive the weights of alternatives and the 

best alternative(s) is(are) chosen. In the typical AHP, multiplicative reciprocal preference relations are obtained by evaluating 

the comparison ratios in relative measurements by virtue of the scale from 1 to 9. Moreover, based on fuzzy set theory [44] , 

the preference degree of alternative x i over alternative x j can be expressed as r ij ∈ [0, 1]. Then a fuzzy binary relation on 

X = { x 1 , x 2 , . . . , x n } is defined and a preference matrix with the entries r ij is given. The preference matrix is called as a fuzzy 

preference relation [24,28] , which is further recalled as an additive reciprocal preference relation [19] due to the property 

r i j + r ji = 1 . It is seen from the definition of additive reciprocal matrices that the preference intensities r ij are exact real 

numbers. However, owing to the complexity and uncertainty of the real-world decision making problems, it is difficult to 
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provide precise preference values to evaluate the judgments. Along this line, Saaty and Vargas [27] proposed that interval 

numbers can be used to capture the uncertainty experienced by decision makers when making pairwise comparisons. Then 

an interval multiplicative reciprocal preference relation was defined where the scale from 1/9 to 9 was used. Following the 

idea of Saaty and Vargas [27] , it is popular to study decision making models and their applications, where the judgements 

of decision makers are expressed as interval-valued comparison matrices [9,12,37,48] . In particular, it is noted that various 

decision making models based on interval fuzzy preference relations have been proposed [9,37,47] . Referring to the termi- 

nology of interval multiplicative reciprocal preference relations, hereafter interval fuzzy preference relations are recalled as 

interval additive reciprocal preference relations [19] . 

In order to avoid the self-contradiction of the opinions, the consistency and transitivity of preference relations are 

important according to the typical AHP [26] . For a multiplicative preference relation A = (a i j ) n ×n , its consistency means 

that the relations a i j = a ik · a k j ( ∀ i, j, k = 1 , 2 , . . . , n ) are satisfied [26] . An additive reciprocal matrix R = (r i j ) n ×n with ad- 

ditive consistency and multiplicative consistency means the transitivity of r i j = r ik − r jk + 0 . 5 and r i j · r jk · r ki = r ji · r ik · r k j 

( ∀ i, j, k = 1 , 2 , . . . , n ), respectively [28] . In addition, the cardinal consistency of additive reciprocal matrices was modeled by 

using a functional equation in [4] . Unfortunately, when the real-valued judgements are extended to interval-valued ones, the 

consistency of the comparison matrices cannot be defined by directly extending the definitions of consistent multiplicative 

reciprocal matrices [7] . Recently, Liu et al. [16] have analyzed the existing definitions of consistent interval multiplicative 

reciprocal matrices. It has shown that interval multiplicative reciprocal matrices are inconsistent in essence. The new con- 

cept of approximation-consistency of interval multiplicative reciprocal preference relations has been proposed. Moreover, it 

is noted that some consistency indexes have been proposed to measure the inconsistency degree of interval-valued recip- 

rocal matrices [5,6] . As compared to consistency definitions, the consistency indexes mainly give a value to a comparison 

matrix so that the deviation degree from a consistent matrix can be quantified [26] . The consistency definition of a com- 

parison matrix is to give sufficient conditions to address the ideal case with strict logic and rationality. Following the idea 

in [16] , interval additive reciprocal matrices are the softened versions of additive reciprocal preference relations. The con- 

ditions of additive reciprocal matrices with additive consistency and multiplicative consistency cannot be extended directly 

to define the consistency of interval additive reciprocal matrices. It is concluded that interval additive reciprocal matrices 

are inconsistent in nature. In the literature, one can see that there are various consistency definitions of interval additive 

reciprocal matrices [18,35,39,40] . The consistency indexes have also been proposed to address the inconsistency degree of 

interval additive reciprocal matrices [6] . The above observations motivate us to clarify the existing consistency definitions of 

interval additive reciprocal matrices along with comparing the consistency indexes. In this study, some definitions of interval 

additive reciprocal matrices with additive consistency are reviewed comprehensively. It is shown that a weak-consistency 

definition of interval additive reciprocal matrices should be given to capture the limit rationality of decision makers. A 

new concept of additive approximation-consistency of interval additive reciprocal matrices is proposed. In order to check 

the additive approximation-consistency of interval additive reciprocal matrices, a novel exchange method of enumerating 

the permutations of alternatives is proposed. Furthermore, it is important how to derive the weight vector from interval 

additive reciprocal matrices. One can see that many methods have been proposed in the literature, such as the C-OWA op- 

erator method [38] , the convex combination method [18,43] , the eigenvector method [21] , the goal programming models 

[8,30,31,36,45,46] and others. Here we consider the randomness exhibiting in pairwisely comparing alternatives and give 

a new method to obtain the interval weights. Finally, a new algorithm for solving decision making problems with interval 

additive reciprocal matrices is proposed. 

The structure of this paper is shown as follows. Section 2 analyzes the definitions of interval additive reciprocal pref- 

erence relations with additive consistency and compares the consistency indexes. In Section 3 , a new concept of additive 

approximation-consistency of interval additive reciprocal matrices is proposed by considering the permutations of alterna- 

tives. The corresponding properties are further studied in detail. In Section 4 , we give a novel exchange method to enumerate 

the n !/2 permutations of n alternatives. The method of obtaining the interval weights is given under the consideration of 

the randomness exhibited in pairwisely comparing alternatives. Section 5 offers a new algorithm to the decision-making 

problem with interval additive reciprocal comparison matrices. Two illustrative examples are carried out to illustrate the 

new definition and algorithm. The main conclusions and research prospects are covered in Section 6 . 

2. Reviews on some definitions of interval additive reciprocal matrices with additive consistency 

In the section, let us review the known definitions of interval additive reciprocal matrices with additive consistency and 

compare the consistency indexes. First, it is interest to recall the idea of defining the consistency of comparison matrices. In 

relative measurements, when one gives A = 3 B and B = 2 C, the consistency of the judgements implies A = (2 × 3) · C = 6 C

[26] . Conversely, if a decision maker does not give A = 6 C, the judgments are considered to be inconsistent. Moreover, when 

the preference intensities of alternatives are expressed as real numbers in [0, 1], one has the binary relation ( A, B ) → r ∈ [0, 

1]. For instance, if we have ( A, B ) → 0.8 and ( B, C ) → 0.3, the consistency of the judgments indicates (A, C) → (1 . 5 − 0 . 8 −
0 . 3) = 0 . 4 [11] . For the set of alternatives X = { x 1 , x 2 , . . . , x n } , a series of pairwise comparisons are made and an additive 

reciprocal preference relation B = (b i j ) n ×n is defined as follows: 

Definition 1. [28] B = (b i j ) n ×n is called as an additive reciprocal preference relation, if b ij is the preference intensity of 

alternatives x i over x j with b i j + b ji = 1 , 0 ≤ b ij ≤ 1, and b ii = 0 . 5 for i, j = 1 , 2 , . . . n . 
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