COMPUTER SCIENCE REVIEW I (NNEN) NNE-NEN

Available online at www.sciencedirect.com B Computer

° ° Ja‘?’ cience
ScienceDirect ‘(f{m

journal homepage: www.elsevier.com/locate/cosrev

Survey

A still simpler way of introducing interior-point
method for linear programming

Kurt Mehlhorn®*, Sanjeev Saxena®

8 Max-Planck-Institut fiir Informatik, Saarbriicken, Germany
b Computer Science and Engineering, Indian Institute of Technology, Kanpur, 208 016, India

ARTICLE INFO ABSTRACT

Article history: Linear programming is now included in algorithm undergraduate and postgraduate

Received 13 June 2016 courses for computer science majors. We give a self-contained treatment of an interior-

Accepted 23 July 2016 point method which is particularly tailored to the typical mathematical background
of CS students. In particular, only limited knowledge of linear algebra and calculus is
assumed.

Keywords: © 2016 Elsevier Inc. All rights reserved.

Linear programming
Interior point method
Simple presentation

Contents

1. INTrOAUCHION ..eeiiiiiiiiiiiiiiee ettt . 2
2. Iterative improvement: Use of the Newton-Raphson method 3
3. Invariants in @acCh TEETATION.........iiiiiiiiiiii i e e e e e e aaaeee s 4
4. INIHALSOIULION tettiiiiiite ettt ettt e e ettt e e sttt et e e aaba e et e e e s abb et e e e s aaba e et e e e aat e e e e e e eatb e et e e e saabb et e e e eantbneeeeenanneee 6
5.  Extracting an OPptimal SOIULION «eeeeiiuuetiiiiiiiiiiiee ittt ettt e e ettt e e e et b et e e s s e bt e e e e e aabbtbeeeesaaabbaeeeesaanbaeeeeeenntnneeeens 8
6. COMPLEXILY Loiiiiiiiiiiii ittt et e e sttt e e e et e e e e et e e e e s bt e e e s b e et e e e et a et e e e s a e e e e e s ae e e e e e s araaeeee s 9
7. The PrOOfS Of FACES 13 ..iiiiiiiiiiiiiieeiiiiiiet ettt ettt e ettt e e ettt e e ettt e e e eatb et e e e e sabb et e e e s aaba et e e e eaaabbeeeeessaabaeeeessabaaeeesennarnneeeens 9

ACKTIOWIEAGIMIEIIES .....teteeiiiiittee ettt e ettt e e e ettt e e sttt e e e e ab b bt e e e e e aabb b et e e e aaaba et e e e e abb b et eeeesabbb et eeesaabbeeeeesaabtbeeeeeanans 10

Appendix.  Result from algEDIa .....cccooiiiiiiiiiiiiiii e 10

RETEIEIICES ..eeiiiiiiiiieit ettt e e ettt e e e ettt e e ettt e et e e e ab et e e e s b et e e e e et a et e e e e e et e e e s b et e e e eabraeeeeeenarneee 11

* Corresponding author.
E-mail addresses: mehlhorn@mpi-inf.mpg.de (K. Mehlhorn), ssax@iitk.ac.in (S. Saxena).

http://dx.doi.org/10.1016/j.cosrev.2016.07.001
1574-0137/@© 2016 Elsevier Inc. All rights reserved.

Please cite this article in press as: K. Mehlhorn, S. Saxena, A still simpler way of introducing interior-point method for linear
programming, Computer Science Review (2016), http://dx.doi.org/10.1016/j.cosrev.2016.07.001



http://dx.doi.org/10.1016/j.cosrev.2016.07.001
http://www.elsevier.com/locate/cosrev
http://www.elsevier.com/locate/cosrev
mailto:mehlhorn@mpi-inf.mpg.de
mailto:ssax@iitk.ac.in
http://dx.doi.org/10.1016/j.cosrev.2016.07.001

2 COMPUTER SCIENCE REVIEW I (NNEN) RRR-HIN

1. Introduction

Terlaky [1] and Lesaja [2] have suggested simple ways to
teach interior-point methods. In this paper, we suggest an
alternative and maybe still simpler way which is particularly
tailored to the typical mathematical background of CS
students. In particular, only limited knowledge of linear
algebra and calculus is assumed. We have selected most of
the material from popular textbooks [3-8] to assemble a self-
contained presentation of an interior point method—little of
this material is new.
The canonical linear programming problem is to

minimize cTx subject to Ax = b and x > 0. (1)

Here, A is an m x n matrix, c and x are n-dimensional, and b
is an m-dimensional vector. A feasible solution is any vector x
with Ax = b and x > 0. The problem is feasible if there is a
feasible solution, and infeasible otherwise. A feasible problem
is unbounded (or more precisely the corresponding objective
function is unbounded) if for every real z, there is a feasible x
with cTx < z, and bounded otherwise.

In our presentation, we first assume that feasible solutions
to the primal and the corresponding dual LP satisfying a
certain set of properties (properties (I1)—(I3) in Section 3) are
available. We then show how to iteratively improve these
solutions in Sections 2 and 3. In each iteration the gap
between the primal and the dual objective value is reduced
by a factor 1 — O(1/4/n), where n is the number of variables.
The iterative improvement scheme leads to solutions that are
arbitrarily close to optimality. In Sections 4 and 5 we discuss
how to find the appropriate initial solutions and how to
extract an optimal solution from a sufficiently good solution
by rounding. Either or both these sections may be skipped in
a first course.

Remark 1. It is easy to deal with maximization instead
of minimization and with inequality constraints. Indeed,
maximize cTx is equivalent to minimize —cTx. Constraints of
type a1X1 + --- + anXn < B can be replaced by a1xq + ... +
anXn + ¥ = B with a new (slack) variable y > 0. Similarly,
constraints of type ayXy + -+ + anXn > B can be replaced by
@1X1 + - -+ anXn — y = B with a (surplus) variable y > 0.

We consider another problem, the dual problem, which is
maximize bTy, subject to ATy + s = ¢, with variables
s > 0 and unconstrained variables y. 2

The vector y has m components and the vector s has
n components. We will call the original problem the primal
problem.

Claim 1 (Weak Duality). If x is a solution of Ax = b with x > 0
and (y, s) is a solution of ATy +s = c with s > 0, then

1. xTs = cTx - bTy, and
2. bTy < cTx, with equality if and only if s;x; = 0 for all is.

Proof. We multiply s = ¢ — ATy with xT from the left and
obtain

xTs = xTe— xT(ATy) =cTx— (xTAT)y
Ix - (Ax)Ty =cTx— bTy.

Asx,s >0, we have xT's > 0, and hence, cTx > bTy.
Equality will hold if xTs = 0, or equivalently, ¥ ;s;%; = O.
Since s, x; > 0, )i six; = 0if and only if s;x; =0 for alli. MW

If x is a feasible solution of the primal and (y, s) is a feasible
solution of the dual, the difference cTx — bTy is called the
objective value gap of the solution pair. Thus, if the objective
values of a primal feasible and a dual feasible solution are
the same, then both solutions are optimal. Actually, from the
Strong Duality Theorem, if both primal and dual solutions are
optimal, then the equality will hold. We will prove the Strong
Duality Theorem in Section 5 (Theorem 2).

If the primal and the dual are both feasible, neither
of them can be unbounded as by Claim 1, the objective
value of all dual feasible solutions are less than or equal
to the objective values of any primal feasible solution. As a
consequence: If the primal and the dual are feasible, both are
bounded. If the primal is unbounded, the dual is infeasible,
and if the dual is unbounded, the primal is infeasible. It may
happen that both problems are infeasible. It is also true, that
if the primal is feasible and bounded, the dual is feasible
and bounded, and vice versa. This is a consequence of strong
duality.

We will proceed under the assumption that the primal as well
as the dual problem are bounded and feasible. This allows us
to concentrate on the core of the interior point method, the
iterative improvement scheme. We come back to this point in
Section 4.

Claim 1 implies, that if we are able to find a solution to the
following system of equations and inequalities

Ax=D, ATy+s=c, x;5;=0foralli, x>0, s>0,

we will get optimal solutions of both the original primal and
the dual problem. Notice that the constraints x;s; = 0 are
nonlinear and hence it is not clear whether we have made
a step towards the solution of our problem. The idea is now
to relax the conditions x;s; = 0 to the conditions x;s; ~ u (with
the exact form of this equation derived in the next section),
where u > 0 is a parameter. We obtain

(P,) Ax=b, ATy+s=c, xjs;~pforalli, x>0, s> 0.
We will show:

1. (initial solution) For a suitable p, it is easy to find a solution
to the problem P,,. This will be the subject of Section 4.

2. (iterative improvement) Given a solution (x, y, 1) to P,, one
can find a solution (¥, y’, ) to P, where w is substantially
smaller than x. This will be the subject of Sections 2 and
3. Applying this step repeatedly, we can make y arbitrarily
small.

3. (final rounding) Given a solution (x,y,u) to P, for
sufficiently small u, one can extract an exact solution for
the primal and the dual problem. This will be the subject
of Section 5.

For the iterative improvement, it is important that x > 0
and s > 0. For this reason, we replace the constraints x > 0
and s > 0 by x > 0 and s > 0 when defining problem P, (see
Fig. 1).

Note that x;s; ~ u for all i implies bTy — cTx ~ nu by
Claim 1. Thus, repeated application of iterative improvement
will make the gap between the primal and dual objective
values arbitrarily small.
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