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a  b  s  t  r  a  c  t

A  control-relevant  nonlinearity  measure  (CRNM)  method  is proposed  based  on  the gap  metric  and  the
gap  metric  stability  margin  to measure  the  nonlinear  degree  of  a system  once  a linear  control  strategy
is selected.  Supported  by  the  CRNM  method,  an integrated  multi-model  control  framework  is devel-
oped,  in  which  the multi-model  decomposition  and  local  controller  design  are  closely  integrated,  model
redundancy  is avoided,  computational  load  is  reduced,  and  dependency  on  a prior  knowledge  is  reduced.
Besides,  a 1/ı  gap-based  weighting  method  is put  forward  to combine  the  local  controllers.  On  one  hand,
the 1/ı gap-based  weighting  method  has  merely  one  tuning  parameter  and  can  be  computed  off-line;
on  the  other  hand,  it is  sensitive  to the tuning  parameter,  flexible  and  easy  to tune.  Two  continuous
stirred  tank  reactor  (CSTR)  systems  are  investigated.  Closed-loop  simulations  validate  the  effectiveness
and  benefits  of the proposed  integrated  multi-model  control  approach  based  on  CRNM.

©  2017  Elsevier  Ltd. All  rights  reserved.

1. Introduction

Virtually all chemical processes are nonlinear. However, most
of them are handled using linear analysis and design techniques
because of operating around an equilibrium point, so that the
development and implementation of a controller can be largely
simplified [1]. Nevertheless, in some important cases, the linearity
assumption does not hold and linear controllers are invalid. Then
nonlinear controllers are necessary. Therefore, from the perspec-
tive of controller design, there is a need for nonlinearity measures,
which quantify the nonlinearity extent of a process instead of
merely judging a system as linear or nonlinear. Thus we can decide
whether a linear controller is adequate for the system or a nonlin-
ear controller is necessary according to the nonlinearity measures.
In the past decades, researchers have made extensive studies on
nonlinearity measures, and have proposed quite a few definitions
and computational methods [1–13]. Most of them are defined as a
distance between the nonlinear system and its best linear approx-
imation [2–9]. Although the definitions are intuitive, the general
computation of the best linear models and nonlinearity measures
are rather complicated [2]. Besides, most of them cannot be used
in feedback controller synthesis directly [3].
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Recently, the gap metric which was recognized as being more
appropriate to measure the distance between two linear systems
than a norm-based metric [17,18], has been employed to quantify
the nonlinearity level of industrial processes. And several defi-
nitions have been developed [13–16]. The nonlinearity measures
based on the gap metric are comparatively easier and simpler
to compute and apply. And some of them have been used for
multi-model decomposition in the multi-model control framework
[15,16].

The multi-model control approaches have been popular in con-
trolling chemical processes with wide operating ranges and large
set-point changes [19–37]. The key point is to decompose a non-
linear system into a set of linear subsystems, so that classical linear
control strategies can be easily adopted. Generally, the multi-model
control approaches comprise three elements: the multi-model
decomposition (i.e., model bank determination), the local controller
design, and the local controller combination. From an integration
perspective, it is necessary to connect the three elements closely,
so that local model redundancy can be avoided to simplify the
controller structure, dependency on previous knowledge can be
reduced to make the design procedure more systematic, compu-
tational load can be decreased to make the method more efficient,
and performance of the controller can be raised to make the method
more effective. Therefore, integrated multi-model control methods
have been recently put forward [19,28–30], in which the model
bank determination, the local linear controller design, and the local

http://dx.doi.org/10.1016/j.jprocont.2017.07.001
0959-1524/© 2017 Elsevier Ltd. All rights reserved.

dx.doi.org/10.1016/j.jprocont.2017.07.001
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2017.07.001&domain=pdf
mailto:hzdujing@163.com
mailto:du.jingjing.china@gmail.com
dx.doi.org/10.1016/j.jprocont.2017.07.001


128 J. Du, T.A. Johansen / Journal of Process Control 57 (2017) 127–139

linear controller combination are fully or partly integrated. Two
integrated multi-model control design frameworks were proposed
in Ref. [19]. One method (Algorithm 2) uses the maximum stabil-
ity margin (which is comparatively controller-independent) while
the other (Algorithm 1) uses the actual stability margin of a given
controller design. Although Algorithm 2 from Ref. [19] is simpler,
it has a tuning parameter which depends on a priori knowledge.
Algorithm 1 from Ref. [19] is more systematic; however, it is more
complicated and involves intensive computation and tests. In Ref.
[20], a weighting method with only one tuning parameter was
proposed based on the gap metric, in which the weights can be
computed off-line and kept in a look-up table. Here we call it 1-ı
method for simplicity. It is intuitive and simple compared to tra-
ditional methods. Therefore, Ref. [29] used it to connect the local
controller combination with the other two steps to propose an
integrated multi-linear model predictive control method. However,
the 1-ı  method is not sensitive to the tuning parameter, which is
undesirable.

In this paper, a control-relevant nonlinearity measure (CRNM)
method is proposed to quantify the nonlinearity extent of a process
based on the gap metric, which can be used directly in controller
synthesis: It offers guidance for controller design; and it sets up
a criterion to assess the controller’s performance. The proposed
CRNM method is then employed to perform model bank deter-
mination and local controller design in a multi-model control
framework. Besides, a 1/ı  gap-based weighting method, which has
all the advantages of the 1-ı  method and is more sensitive to the
tuning parameter, is put forward to combine the local controllers.
Thus an improved integrated multi-model control framework is
established based on CRNM, which integrates the advantages of
the algorithms Ref. [19] while overcomes their disadvantages. The
proposed integrated multi-model control approach aims to real-
ize four goals. (a) To select as few linear models as necessary to
design a multi-model controller, so that the model redundancy
can be avoided; (b) to use as little a priori knowledge as possi-
ble, so that the method can be systematic and user-friendly; (c) to
reduce computational load as much as possible, so that the method
can be easy to implement; (d) to schedule the local controllers as
well as possible so that the global multi-model controller can be
more effective. Two CSTRs are simulated to illustrate the use of
the improved integrated multi-model control approach. Simula-
tion results demonstrate that the proposed CRNM-based integrated
multi-model framework is systematic, efficient and effective, and
performs better than related multi-model control methods [20,26].

This paper is organized as follows. Related background about the
gap metric and the gap metric stability margin is shortly reviewed
in Section 2. In Section 3, a control-relevant nonlinearity measure
method is proposed. Supported by the proposed nonlinearity mea-
sure, an integrated multi-model control approach is proposed in
Section 4, which includes a CRNM-based multi-model decompo-
sition and local controller design procedure and a 1/ı  gap-based
weighting method. Closed-loop simulations are present in Section
5 to illustrate the effectiveness of the proposed approaches, and
comparisons have been made with related methods. In Section 6,
some conclusions are made about the paper.

2. Gap metric and gap metric stability margin

Relevant background about the gap metric and the gap metric
stability margin is briefly recalled in this section.

2.1. Gap metric

The gap metric between two linear systems P1 and P2 with
their normalized right coprime factorizations P1 = N1M1

−1 and

P2 = N2M2
−1, is denoted as ı(P1, P2) and is defined by the maximum

of two directed gaps [17]:

ı(P1, P2):= max{�ı(P1, P2), �ı(P2, P1)} (1)
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‖
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]
−
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N2

]
Q‖

∞

where and .

The gap metric between any two  linear systems is bounded
between 0 and 1. Therefore, the gap metric is more intuitive than a
metric based on norms. Besides, the gap metric offers some useful
information for control system analysis and synthesis. For example,
if the gap metric between two systems is close to 0, then at least one
feedback controller can be found to stabilize both of them; other-
wise if the gap is close to 1, it will be difficult of impossible to design
a feedback controller that can stabilize both systems [18].

2.2. Gap metric stability margin

Suppose K is a feedback controller that can stabilize the linear
system P, then the gap metric stability margin of the closed-loop
system is defined as [38]:

bP,K = ‖[
I

K
](I + PK)−1[I P]‖−1

∞ = ‖[
I

P
](I + KP)−1[I K]‖−1

∞ (2)

where I is the identity matrix. The gap metric stability margin is
also called the normalized coprime stability margin.

Denote the left normalized coprime factors of P as P = M̃−1Ñ,
and the Hankel norm as ‖ ‖H.  Then the maximum gap metric sta-
bility margin of P is defined as [38]:

bopt(P):={ inf
K stabilizing

‖[
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K
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−1

=
√

1 − ‖[
∼
N

∼
M]‖2
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(3)

From Eq. (3), it is clear that the maximum stability margin is an
intrinsic property of the plant P, and has nothing to do with the
controller. Besides, for the same system P, the maximum stability
is greater than or equal to bP,K for any controller K.

The connection between the gap metric and the gap metric sta-
bility margin is shown by Proposition 1.

Proposition 1[38]. Suppose the feedback system with the pair
(P0, K) is stable. Let P:=

{
P : ı (P, P0) < r

}
. Then the feedback system

with the pair (P, K)is also stable for all P ∈ P if and only if

bP0,K ≥ r > ı (P, P0) (4)

Once a nonlinear process is linearized around a set of equilib-
rium points, the gap metric and the gap metric stability margin are
usable. In this work, we will use the gap metric and the gap metric
stability margin to propose a CRNM method on the basis of Proposi-
tion 1. The gap metric and maximum stability margin of the system
are used to define a preliminary nonlinearity measure NM1 for guid-
ance before a controller is designed, and afterwards the gap metric
and actual stability margin of the closed-loop system are used to
define a secondary nonlinearity measure NM2 to qualify the perfor-
mance of the controller. If NM2 of the considered system is smaller
than 1, it means that the linear controller is capable to stabilize it.
Otherwise, we  will decompose the nonlinear system into a set of
linear subsystems and design a set of local linear controllers accord-
ing to the nonlinearity measure criteria. Thus, the proposed CRNM
method tells us whether the linear controller is capable to stabilize
the nonlinear system or not.

Besides, the gap metric is also used for controller combination in
the multi-model control of nonlinear systems by some researchers
[20,21]. In section 4, this work will proposed a 1/ı  gap-based
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