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In this paper, the problem of delay-dependent asymptotic stability analysis for neural networks with
time-varying delays is considered. A new class of Lyapunov functional is proposed by considering the
information of neuron activation functions adequately. By using the delay-partitioning method and the
reciprocally convex technique, some less conservative stability criteria are obtained in terms of linear
matrix inequalities (LMIs). Finally, two numerical examples are given to illustrate the effectiveness of the
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1. Introduction

In the past few decades, neural networks has been widely
applied to various scientific problems, such as pattern recognition,
image processing, and associative memories. Meanwhile, since
time delay is inevitably encountered in neural networks, which are
the main source of instability and oscillation, much attention has
been paid to delayed neural networks and many elegant stability
results have been proposed. So far, the stability criteria of delayed
neural networks are classified into two categories, i.e., delay-
independent [1-3], and delay-dependent [4-28]. Since delay-
dependent stability criteria are usually less conservative than
delay-independent ones, especially when the time delay is rela-
tively small, much effort has been paid to the delay-dependent
category. For the delay-dependent case, many stability criteria
have been obtained by choosing the Lyapunov-Krasovskii func-
tional (LKF). It is well known that the choice of an appropriate LKF
is crucial for obtaining less conservative stability results. Thus,
many new improved methods have been developed for reducing
conservatism in recent years, such as free-weighting matrix [5-7],
augmented LKF [8], and delay-slope-dependent method [9].
Obviously, it is hard to reduce the conservatism further by
employing the identical LKFs. Therefore, the delay-partitioning
method has been developed to investigate the stability of delayed
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neural networks, which significantly reduce the conservatism of the
obtained stability criteria [11-19]. For example, in [11],
by utilizing different free-weighting matrices in each delay subinter-
val, some improved stability criteria were proposed to reduce the
conservatism for neural networks with time-varying delays. How-
ever, the delay-partition number has been chosen as two in [11-13].
When the number of subintervals becomes larger, the results will be
less conservative. Very recently, in [14-19],a generalized delay-
partitioning method was proposed to reduce the conservatism for
delayed neural networks. For example, in [14], by dividing the delay
interval [0,h] into some subintervals with the same size, a new
stability result for delayed Hopfield neural networks was proposed.
In [15], the weighting-delay-based stability criteria for neural net-
works with time-varying delay were derived by dividing the delay
interval with the weighted parameters. The derived results proved to
be less conservative than most of the previous results, and the
conservatism can be notably reduced by increasing the subintervals.
However, these methods suffer from two common shortcomings.
First, when the delay is time-varying, the relationship between time-
varying delay and each subinterval is completely neglected. Second,
the information of neuron activation functions is not adequately
considered, which may lead to much conservatism. Thus, there is
room for further investigation.

In this paper, for any integer m > 1, let h = d/m, then the delay
interval [0,d] can be decomposed into m segments, i.e.,
[0,d]= U, [(i—1)h,ih]. Some existing results [14-18] only con-
sider the information z(t) € [0,d], and the important information
7(t) e [(k—1)h,kh],k=1,2,...,m is ignored, which may lead to
considerable conservatism. Thus, when handling the time
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derivative of V(z;), not only the information z(t) € [0, d] but also the
important information z(t) € [(k—1)h,kh],k=1,2,...,m is consid-
ered. So the relationship between time-varying delay z(t) and each
subinterval [(k—1)h,kh],k=1,2,...,m is considered adequately,
which may lead to less conservative results. By taking more
information of neuron activation functions, an augmented LKF is
introduced to derive the stability results for the studied system. Then,
inspired by the results of [30], a less conservative result is obtained to
guarantee the asymptotically stable neural networks with time-
varying delay. Finally, two numerical examples are given to indicate
significant improvements over most of the existing results.

2. Problem formulation

Consider the following neural networks with time-varying
delay:

X(t) = — Cx(t) +Ag(x(D)) + Bg(x(t — 7(0)) +pt. M

where x(t) = [X1(t), X2(b), ..., xo(1)]" € R™ is the neuron state vector,
2(X() =[g1(X1(-)), &2(%2()), ..., &x(Xn(-)]" e R" denotes the neuron
activation function, u=(4,HU,,....1t;)" € R™ is a constant input
vector. Ae R™" is the connection weight matrix and Be R™" is
the delayed connection weight matrix. C = diag(Cy,C,,...,Cyp) is a
diagonal matrix with C;>0, i=1,2,...,n. 7(t) is time-varying
continuous function that satisfies 0 <z(t) <d, 7(t) <u, where d
and u are constants. In addition, it is assumed that each neuron
activation function g;(-),i= 1,2, ..., n, satisfies the following condi-

tion:
ke <EOZED o vayeR x4y i=120m @
where k;,k*,i=1,2,...,n are constants.

i s Kis

Assuming that x* _[x*,x"z‘,...,xﬁ]T is the equilibrium point of
system (1) whose uniqueness has been proven in [20]. By the
transformation z(-) = x(-) —x*, system (1) can be converted to the
following form:

2(t) = — C«(O)+Af (z(t)) + Bf (z(t — 7(1))) 3)

where  z(t) = [z (), zo(0), ....zaD]",  f@() =[F1@ (). f2Z20). ...,
Fa@nO) and fi(zi() = gi(zi() +x¥) —gi(x¥),i= 1,2, ...,n. According
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to inequality (2), we obtain
fz(Z ®) .+ .
< 70 <k fi(0)=0, i=1,2,....,n 4)

Thus, under above assumption, the following inequality is true for
any positive diagonal matrix R, such that
2 (O)KRKz2(H) — " (2(e)RF () = 0 6)

where K = diag(ki, ka, ..., kn), ki = max(lk;” |, 1k;" 1)

Lemma 1 (See Zhu and Wang [21]). The following inequalities are true:

zi(t)
0< / (k
0

Lemma 2 (See Boyd et al. [29]). For any constant matrix Z e R™",
Z=27">0, scalars h >0, then

t t t
_ T _ T
h/tihx (5)Zx(s) ds < /rth (s) dsZ/tihx(s) ds

T s—fi(s)) ds < (k" zi(t) — f(zi()zi(t) (6)

)

Lemma 3 (Park et al. [30]). Let f1.f,,....fn : R™ =R have positive
values in an open subset D of R™. Then, the reciprocally convex
combination off,~ over D satisfies

e > olga - 1)2 f’(t) - Zf,(t)+mJax 280 ®)
subject to

{gu R™—>R,gj(t) £ g;;(), [gf;((tt)) i’l((tt))} > 0} 9)
3. Main results

Theorem 1. Given scalars h > 0,u, diagonal matrices Ky = diag(k; ,

ky,...k,), Ky=diagky ki ,....k;)), for positive integer m=1,
h=d/m, the system (3) is globally asymptotically stable if there exist
symmetric positive matrices X = [Xijlp.m Q =[Qjjlax2, Ri(i=1,2,...,
m), positive diagonal matrices Ti,T,,R,A =diag(d,,0,,...,0n),
A =diag(Aq, 3, ..., An), T = diag(ty, ta, ..., t,), and any matrices S;(i =

1,2, ...,m) with appropriate dimensions, such that for k=1,2,...,m
(k) TH
ab_ | AR (10)
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