Commun Nonlinear Sci Numer Simulat 57 (2018) 169-176

Contents lists available at ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Research paper
Classical solution for the linear sigma model @C
rossMark

Danilo V. Ruy

Departamento de Fisica, Universidade Federal da Paraiba, 58051-970 Jodo Pessoa PB, Brazil

ARTICLE INFO ABSTRACT

Article history: In this paper, the linear sigma model is studied using a method for finding analytical so-
REC?WEd 24 December 2016 lutions based on Padé approximants. Using the solutions of two and three traveling waves
Revised 20 August 2017 in 1+3 dimensions we found, we are able to show a solution that is valid for an arbitrary

Accepted 12 September 2017 number of bosons and traveling waves
Available online 20 September 2017 g '

© 2017 Elsevier B.V. All rights reserved.

MSC:

12E12
35E05
35Q70

Keywords:

Linear sigma model
Padé approximants
Traveling waves

1. Introduction

Field theory is a well established way to describe interactions among particles, but usually it is very challenging to find
analytical classical solutions in 1+3 dimensions. In this paper, we will study the bosonic interaction of the linear sigma
model, which was proposed in [1] as a model to describe the pion-nucleon interaction. The model we are considering
possess Ny bosonic fields whose Lagrangian is given by

A
L= %(8,@)2 - %m2(<1>)2 - Z((<I>)2)2

where (@)2=®.-® and ® = (¢, P, . ..,¢N¢). The Euler-Lagrange equation for this Lagrangian yields the system of equa-
tions

Ny—1
Guuc = Voi-+ mipi+ A(67+ 91 Y 92,) =0, i=1.....N, (1)

j=1
where we use the notation ¢; = (;’),»JrNd) and the metric (+ — ——). The purpose of this paper is to seek classical solutions for

this system in the form of traveling waves. In order to achieve that, we will employ the algorithm based on PadA approxi-
mants presented in [19,20]. This method has the advantage of needing less undetermined constants than other methods in
the literature [2-18], such that we can earn efficiency in the processing of data.

We briefly recall the algorithm from [20] in Section (2) and we apply it to the linear sigma model in Section (3). Using
the solutions for two and three traveling waves we found, we are able to show a solution for an arbitrary number of
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traveling waves and bosons in Section (3.3). Section (4) is devoted to show a graphical illustration of the analytical solution
we found. Finally, in Section 5, we compare the Padé approximant approach with the multiple exp-method in order to see
the benefits of each method.

2. Review of the algorithm

Consider a system of N, equation in D dimensions
Ek(X'u,(l)i, 8M¢i,.,.;50)=0, k:l,..,,Ne. (2)

where S is the set of all parameters of the model. Now suppose there is at least one solution of this system which can be
written in terms of N, functions we know the first derivative, i.e.

$i(x*) = §i(p1..... pn,). i=1,....N,
0ok = Fuk(p1, -5 PN, S1)s uw=1,....D k=1,....,N,
where F, (p1,..., Pn,: S1) is determined by the functions we choose for p, and S; is the set of constants introduced by
these functions. This ansatz transforms the system (2) as
Ek(X’U“,¢,', 8M¢,-,...;$0):Ek(pk,qg,‘,akq;,-,“.;So XSl):O, I{Z],...,Ne. (3)

Suppose there is a solution that is regular when p;, — 0 such that we can calculate the multivariate Taylor expansion at
p=0,1ie

(15:(:0)—22 Z ](i)]z ]Npl_[p i=1,...,Ne (4)

J1=0j2=0  jn,=0 d=1

In the expansion (4), we may also impose a set of constraints 1;(Sy x S;) = 0 on the undetermined constants such that the

series does not truncate in the vacuum case. We will call S, the set of all undetermined c](')j v and S=8y x &1 xS
o

the set of all constants that remains undetermined. Let us do the scaling transformation p — £ p such that we can rearrange
the Taylor expansion as

LM
iEp) =Y an(p)E" + O(EHMHT), i=1,....N.
n=0
n n—j ”—ervffzjr N,—1

i . et
G YD SR RSN U1 W)

: ; . Ji.J2.
J1=0j2=0 Jnp-1=0

The coefficients of the expansion (4) need be calculated until we determine all ;. ,(0) up to order L; + M;. Now, for a chosen
L; and M;, we can calculate the Padé approximant for the field using & as variable, i.e.

Py, ;S
Q“ (&S
The Padé approximants consist in an approximation of a function as a ratio of two polynomials given by
POGES) X, p (0 S)E
“) W ES) 1+ X" g0 (p:5)8s
whose coefficient are calculated by the system of equations

Y air(p)a (p; 8) - pP(p; §) =0, i=01,....Li+M,

r+s=j

biEp) = + O(ELHMATY, (5)

[Li/Mi]P (& 8) =

Now we would like to find the subset S c § which makes the approximation (5) become an exact solution for the system
(2) when & =1, ie.

(l) (5
Q;?MI (&: S) 5=1
Substituting (6) in (3), we can rewrite the system as

E o & a.d Yo B (S)
Ex(ok, @i, 0xi, ...;Sg x Sp) = &2 —
(k. Pi. 0P 0 1 G

$i(p) = (6)
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