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h i g h l i g h t s

• Four factor linear–quadratic models (LQTSM) fit negative Euro yields well.
• As in Euroland, in LQTSM short yields can be negative, but not the longest yields.
• LQTSM outperform four factor quadratic models that permit negative yields.
• Quadratic models that permit negative yields outperform affine Gaussian models.
• Quadratic models that rule out negative yields seem no longer adequate.
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a b s t r a c t

Four factor linear–quadratic models (LQTSM) fit negative Euro yields well, as short yields can be negative,
but not the longest yields. LQTSM outperform four factor quadratic models that permit negative yields,
which in turn outperform affine Gaussian models.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Until few years ago negative nominal Government bond yields
were almost unknown and economic theory ruled them out, since
‘‘investors can always hold their cash’’. Affine Gaussian term struc-
ture models (AGTSM) were regularly criticised because they per-
mitted negative bond yields. After the 2008 crisis, academic re-
search even concentrated on term structure models with a zero
lower bound, i.e. models that could rule out negative yields while
at the same time matching very low observed yields. However as
of early 2017 negative yields have been observed for extended
periods in Japan, Euroland and elsewhere, which somewhat vindi-
cates AGTSM. Nowwe needmodels that canmatch at least slightly
negative yields. In this spirit this paper tests linear–quadratic
term structure models (LQTSM) whereby the short rate may turn
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negative, but not the longest yields, since the central tendency
of the factors driving the short rate is a quadratic non-negative
function of Gaussian factors. This paper also considers quadratic
term structure models (QTSM) that do permit negative yields. All
tests use four factor models and AAA-rated euro area Government
bond yields of maturities up to 30 years.

The evidence shows that LQTSM perform much better than
AGTSM and much better than QTSM that rule out negative yields.
LQTSM can match the moderately negative yields for maturities
up to ten years and at the same time the higher positive yields
observed for the longest maturities up to thirty years. Also spec-
ifications of QTSM that permit negative yields perform better than
AGTSM and better than ‘‘classic’’ QTSM that rule out negative
yields, but slightly worse than LQTSM.

This paper tests a LQTSM that builds on Realdon (2011, 2016),
who proposed discrete time versions of the continuous time
linear–quadratic pricing model of Cheng and Scaillet (2007). The
next section presents the pricingmodels and another section illus-
trates their empirical performance.
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2. Discrete time linear–quadratic term structure models
(LQTSM)

This section presents LQTSM in discrete time. Discrete time im-
plies Gaussian conditional transition density for the factors, which
helpsmodel estimation through Kalman Filters. LQTSMencompass
linear Gaussian models and quadratic models as special cases. Let
Vn,t be the time t value of a zero coupon bond with n trading days
to maturity, thus the bondmatures on trading day t +n. Each time
step is equal to ∆ =

1
261 as we observe about 261 trading days per

year. rt is the continuously compounded risk-free interest rate for
the trading day [t, t + 1] , therefore V1,t = e−∆·rt and rt =

− ln V1,t
∆

.
Following Realdon (2011) we further assume

rt = β ′xt + x′

tΨ xt + δ′yt (1)

xt =
(
x1,t , . . . , xm,t

)′
, yt =

(
y1,t , . . . , yp,t

)′ (2)

xt+1 − xt = φ (µ − xt) + Σξ
Q
t+1 (3)

xt+1 − xt = φ∗
(
µ∗

− xt
)
+ Σξ t+1 (4)

yt+1 − yt = φy
(
µy + diag

(
x′

tLjxt
)
· 1p×1 − yt

)
+
(
Σyx, Σy

)( ξ
Q
t+1

ξ
Q
y,t+1

)
(5)

yt+1 − yt = φ∗

y

(
µ∗

y + diag
(
x′

tLjxt
)
· 1p×1 − yt

)
+
(
Σyx, Σy

) (ξt+1
ξy,t+1

)
(6)(

ξ
Q′
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(
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(
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Q
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Q
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)′
, ξt+1 =

(
ε1,t+1, . . . , εm,t+1

)′ (8)

ξ
Q
y,t+1 =

(
ε
Q
y,1,t+1, . . . , ε

Q
y,p,t+1

)′
, ξy,t+1 =

(
εy,1,t+1, . . . , εy,p,t+1

)′
(9)

Σ = S
√

∆, Σyx = Syx
√

∆, Σy = Sy
√

∆ (10)
φ = ∆ · κ, φ∗

= ∆ · κ∗, φy = ∆ · κy, φ
∗

y = ∆ · κ∗

y , (11)

Vn,t = exp
(
An + B′

nxt + x′

tCnxt + D′

nyt
)

(12)

where: diag
(
x′
tLjxt

)
is a diagonal matrix whose jth diagonal en-

try is x′
tLjxt ; Lj is a m × m matrix and 1p×1 is a p × 1 ma-

trix whose elements are all equal to 1; xt , µ, µ∗, ξ
Q
t+1, ξt+1,Bn;

are m × 1 vectors; Ψ , φ, φ∗, κ, κ∗, Cn, Σ, S, Lj are m × m
matrices; rt , An, are scalars; Σyx, Syx are p × m matrices;
yt , µy, ε

Q
y,t+1, εy,t+1,Dn are p × 1; vectors; φy, φ

∗
y , κy, κ

∗
y , Σy, Sy

are p × p matrices; N
(
0(m+p)×1, Im+p

)
denotes the multivariate

normal density with mean 0(m+p)×1 and covariance matrix Im+p;
0(m+p)×1 is a (m + p) × 1 matrix of zeros; Im+p is the (m + p) ×

(m + p) identity matrix; ε1,t+1, . . . , εm,t+1, εy,1,t+1, . . . , εy,p,t+1
and ε

Q
1,t+1, . . . , ε

Q
m,t+1, ε

Q
y,1,t+1, . . . , ε

Q
y,p,t+1 are scalarGaussian ran-

dom shocks respectively in the real and risk-neutral measures. The
processes of the factors x and y are specified under both the real
measure and the risk-neutral measureQ. The discount bond value
Vn,t is exponential linear in yt and exponential linear–quadratic in
xt . This discrete time linear–quadratic model is a special case of
Realdon (2011), wherebywe can compute An,Bn, Cn,Dn appearing
in (12) as

An = An−1 + B′

n−1φµ + D′

n−1φyµy + (φµ)′Cn−1φµ + ln
|γ |

abs |Σ |

+
1
2
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1
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γ =

((
ΣΣ ′

)−1
− 2Cn−1

)−1/2

A0 = 0, B0 = 0m×1, C0 = 0m×m, D0 = 0p×1.

We compute An,Bn, Cn,Dn with 261 steps per year and ∆ =

1/261. The stochastic factors are latent. In this paper we focus on
the following special cases.

2.1. The linear–quadratic model LQ2.2

LQ2.2 is such that δ = 12×1,Ψ = 02×2 and β = 02×1 so that
rt = y1,t + y2,t and
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ρ2,y1 − ρ12 · ρ1,y1√
1 − ρ2

12
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12
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ρ12 is the conditional correlation between x1,t+1 and x2,t+1, ρ1,y1
between x1,t+1 and y1,t+1, ρ2,y1 between x2,t+1 and y1,t+1 and ρy1,y2
has similar meaning. LQ2.2 is of interest since the factors y1,t and
y2,t drive the short interest rate rt , while longer term yields are
driven by x1,t and x2,t . Therefore short term and long term yields
canmove quite independently. y1,t tends to revert toward the level
x21,t and y2,t tends to revert toward the level x21,t , therefore long
term yields tend to be positivewhen κy1 , κy2 > 0 andµy1 , µy2 ≥ 0.
In LQ2.2 we impose µy = µ∗

y = 02×1, µ1 = µ2, µ
∗

1 = µ∗

2 for the
sake of parsimony and without much loss. The model can match
very low and even negative short term yields and at the same time
also positive long term yields. The main contribution of this paper
is to provide evidence that LQ2.2 outperforms the other affine or
quadratic models.
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