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h i g h l i g h t s

• The impacts of business sectors are identified from the localized motion.
• Localized motion induces different characteristics of the market index and stocks.
• Return-volatility correlations of eigenmodes are reproduced with a two-factor model.
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a b s t r a c t

With the random matrix theory, we decompose the multi-dimensional time series of
complex financial systems into a set of orthogonal eigenmode functions, which are
classified into themarketmode, sectormode, and randommode. In particular, the localized
motion generated by the business sectors, plays an important role in financial systems. Both
the business sectors and their impact on the stock market are identified from the localized
motion. We clarify that the localized motion induces different characteristics of the time
correlations for the stock-market index and individual stocks. With a variation of a two-
factor model, we reproduce the return-volatility correlations of the eigenmodes.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Financial markets, as typical dynamic systems with highly complex interactions, share common features in various
aspects with those in traditional physics. With large amounts of historical data, it becomes possible to analyze the complex
financial systems based on concepts and methods in statistical physics [1–8]. Price movements of financial markets are
characterized by the collective behaviors, such as the business-sector structure [9–11], leverage effect [2,12], extreme-
volatility dynamics [3,13], and systemic risk [14–16].

The random matrix theory (RMT) is an important method to investigate the collective behaviors of complex systems,
including financial markets. Based on the RMT theory, we develop the randommatrix decomposition, with which the cross-
correlationmatrix can be decomposed into themode cross-correlationmatrices [17]. To further understand spatiotemporal
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structures of complex financial systems, we decompose the multi-dimensional time series into eigenmode functions. In
Particular, we investigate two typical spatiotemporal structures, i.e., the business-sector structure and return-volatility
correlation.

The business-sector structure is not only crucial for theoretically understanding the complex structure of financial
systems, but also important for optimal portfolio choice [18–20]. The RMT theory and network technique are two main
approaches to identify the business sectors in the financialmarkets [17,21–28]. Besides, the emergence of collective behavior
may also be described by the network synchronization [29,30]. However, both the RMT theory and network method cannot
characterize the impact of business sector on the stock market, which is valuable for investors to hedge risk.

Time correlation functions describe how one variable is statistically influenced by another. For example, a negative
return-volatility correlation, i.e. the leverage effect, is detected in almost all stock markets in the world [2,31]. Meanwhile,
a positive return-volatility correlation, i.e. the anti-leverage effect, is observed in the Chinese stock market before the year
2000 [12,32,33]. However, this correlation is moderate for the individual stocks, while it is much stronger for the stock-
market indices [2]. Therefore, the second motivation is to explore the complicated behavior of individual stocks in financial
markets with the randommatrix decomposition.

In this paper, with the RMT theory, we decompose the multi-dimensional time series of complex financial systems into
a set of orthogonal eigenmode functions, which are classified into the market mode, sector mode and randommode. These
three kinds of eigenmodes represent the global motion, localized motion, and quasi-randommotion, respectively. The non-
trivial interactions of financial systems are mainly dominated by themarket mode and sector mode. Business sectors can be
identified from the expansion coefficients of the individual stocks in the localized motion. More importantly, the positive
or negative sign of the business sector describes the positive or negative impact of the business-sector motion on the stock
market. In particular, the differentmagnitudes of the return-volatility correlations for themarket index and individual stocks
are rooted in the localized motion. We reveal that the leverage effect of the market index mainly originates from the global
motion. Finally, a variation of a two-factor model is introduced to generate the return-volatility correlations of the three
modes.

2. Method and basics

We define the logarithmic price return of the ith stock over an one-day time interval as

Ri (t) ≡ ln Pi (t + 1) − ln Pi (t) , (1)

where Pi (t) is the daily closed price of the ith stock at time t . To ensure different stocks with the same weight, the price
return is normalized to

ri (t) =
Ri (t) − ⟨Ri (t)⟩

σi
, (2)

where ⟨· · ·⟩ is the average over time t , and σi =


R2
i (t)


− ⟨Ri (t)⟩2 denotes the standard deviation of Ri (t). Then, elements

of the cross-correlation matrix C is defined by

Cij ≡

ri (t) rj (t)


. (3)

Assuming N stocks with a total time length T , and in the large-N and large-T limit with Q ≡ T/N ≥ 1, the probability
distribution Prm (λ) of the eigenvalue λ for the Wishart matrix is given by

Prm (λ) =
Q
2π

√
(λ+ − λ) (λ − λ−)

λ
, (4)

where λ± are the upper and lower bounds given by

λ± =


1 ±


1/


Q

2
. (5)

We define the eigenmode function kα (t) as

kα (t) =

N
i=1

uα
i ri (t) , (6)

where uα
i is the ith component in the αth eigenvector of the matrix C . The eigenmode functions form a set of orthogonal

bases. For example, the market index may be expanded according to the orthogonal bases,

φ (t) =


α

Bαkα (t) . (7)

The expansion coefficient Bα is given by

Bα = ⟨kα (t) φ (t)⟩ , (8)
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