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a b s t r a c t

In this paper, we consider a mathematical programming problem with equilibrium constraints (MPEC).
We formulate the Lagrange type dual model for the MPEC and establish weak and strong duality results
under convexity assumptions. Further, we investigate the saddle point optimality criteria for the MPEC.
We also illustrate our results by an example.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

In this paper,we consider the followingmathematical program-
ming problem with equilibrium constraints:

MPEC min f (x)
s.t. g(x) ≤ 0, h(x) = 0,

G(x) ≥ 0, H(x) ≥ 0, G(x)TH(x) = 0,

where f : Rn
→ R is continuously differentiable function, g :

Rn
→ Rp, h : Rn

→ Rq, G : Rn
→ Rl, H : Rn

→ Rl are functions
with continuously differentiable components and T indicates the
transpose.

Ye [16] has given a simple proof of the Mordukhovich (M-)
stationary condition and showed that it is also sufficient condition
for the MPEC under pseudoconvexity assumption on objective
function and quasiconvexity on constraints. Further, Ye [16]
obtained some new constraint qualifications for the MPEC as
generalization of existing constraints qualifications for the MPEC.
For further studies on stationary point conditions and constraint
qualifications for MPEC, we refer to [7,5,10,1,2,8] and the
references therein.

Recently, Pandey and Mishra [14] and Guu et al. [9] studied
Wolfe andMond–Weir type dual models for MPEC and established
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weak and strong duality results under generalized convexity
assumptions.

Motivated by the above mentioned works, we propose the
Lagrange type dual model for the MPEC. We establish weak and
strong duality results and give relationships between a primal
MPEC solution and a saddle point of the MPEC Lagrangian.

2. Preliminaries

Throughout the paper, we denote by S the feasible region of the
MPEC. Given a feasible point x̄ ∈ S, we consider the following index
sets:

Ig := I(x̄) = {i ∈ {1, 2, . . . , p} : gi(x̄) = 0},
α := α(x̄) = {i ∈ {1, 2, . . . , l} : Gi(x̄) = 0,Hi(x̄) > 0},
β := β(x̄) = {i ∈ {1, 2, . . . , l} : Gi(x̄) = 0,Hi(x̄) = 0},
γ := γ (x̄) = {i ∈ {1, 2, . . . , l} : Gi(x̄) > 0,Hi(x̄) = 0}.

The following concept of tangent cone is well known in
optimization (see, [15]).

Definition 2.1. The tangent cone of a setΩ at x̄ ∈ clΩ is the closed
cone defined by

T (x̄) := {d ∈ Rn
: ∃tn ↓ 0, dn → d s.t. x̄ + tndn ∈ Ω}.

Since the standard Abadie constraint qualification is not satis-
fied for the MPEC, the following modified Abadie constraint quali-
fication for the MPEC was introduced by Flegel and Kanzow [4].
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Definition 2.2 (MPEC Abadie CQ). Let x̄ be a feasible point of the
MPEC. We say that MPEC Abadie constraint qualification holds at x̄
if

T lin
MPEC (x̄) = T (x̄),

where

T lin
MPEC (x̄) :=


d ∈ Rn

: ∇gi(x̄)Td ≤ 0, ∀i ∈ Ig ,
∇hi(x̄)Td = 0, ∀i = 1, 2, . . . , q,

∇Gi(x̄)Td = 0, ∀α,

∇Hi(x̄)Td = 0, ∀i ∈ γ ,

∇Gi(x̄)Td ≥ 0, ∀i ∈ β,

∇Hi(x̄)Td ≥ 0, ∀i ∈ β,
∇Gi(x̄)Td


.

∇Hi(x̄)Td


= 0, ∀i ∈ β


,

is the MPEC linearized tangent cone for the MPEC.

The following concept of M-stationary for the MPEC was
introduced by Outrata [13], however the concept of M-stationary
for optimization problems with variational inequality constraints
was first introduced by Ye and Ye [17].

Definition 2.3 (M-Stationary Point). A feasible point x̄ of the MPEC
is called Mordukhovich stationary if there exists λ = (λg , λh,
λG, λH) ∈ Rp+q+2l such that the following conditions hold:

∇f (x̄) +

p
i=1

λ
g
i ∇gi(x̄) +

q
i=1

λh
i ∇hi(x̄)

−

l
i=1


λG
i ∇Gi(x̄) + λH

i ∇Hi(x̄)


= 0, (2.1)

λg
≥ 0, g(x̄)Tλg

= 0, (2.2)

λG
γ = 0, λH

α = 0, (2.3)

∀i ∈ β either λG
i > 0, λH

i > 0 or λG
i λ

H
i = 0. (2.4)

The following necessary optimality conditions were derived by
Ye [16] under the MPEC Abadie CQ.

Theorem 2.1. Let x̄ be a local optimal solution of the MPEC. Suppose
that the MPEC Abadie CQ is satisfied at x̄. Then, x̄ is M-stationary.

Weknow that a differentiable function f defined on a nonempty
open convex set Ω ⊆ Rn is convex on Ω if and only if for all
x, y ∈ Ω , we have

f (y) − f (x) ≥ ∇f (x)T (y − x).

3. Lagrange type duality for MPEC

In this section, we formulate the Lagrange type duality and in-
vestigateweak and strong duality results between the correspond-
ing problems.

Let

ϕ(λ) = min
x∈Rn

LMPEC (x, λ),

where

LMPEC (x, λ) := f (x) +

p
i=1

λ
g
i gi(x)

+

q
i=1

λh
i hi(x) −

l
i=1


λG
i Gi(x) + λH

i Hi(x)

,

is the MPEC Lagrangian and λ = (λg , λh, λG, λH).

We present the following Lagrange type dual problem depend-
ing on a feasible point x ∈ S for the MPEC:

MPECLD(x) maxϕ(λg , λh, λG, λH)

s.t. λ
g
i ≥ 0, i ∉ Ig ,

λG
γ = 0, λH

α = 0,
either λG

i > 0, λH
i > 0 or

λG
i λ

H
i = 0, ∀i ∈ β.

Let SD(x) be the feasible region of theMPECLD(x) corresponding to
a point x ∈ S. The dual problem MPECLD(x) depends on a feasible
point x ∈ S of the MPEC. Now, we present the Lagrange type dual
problem which is independent of the MPEC:

MPECLD maxϕ(λg , λh, λG, λH)

s.t. (λg , λh, λG, λH) ∈ SD,

where SD = ∩x∈S SD(x) ≠ φ is feasible region of the MPECLD.

Remark 3.1. The feasible region of the MPECLD is the intersection
of the feasible regions of the MPECLD(x) for all x ∈ S. Hence, a
feasible solution of the MPECLD is also a feasible solution of the
MPECLD(x) for all x ∈ S. Also, MPECLD will serve as a better
duality problem thanMPECLD(x) since it independent of the primal
problem.

Theorem 3.1 (Weak Duality). If x and λ are feasible points for the
MPEC and the MPECLD(x), respectively, then

f (x) ≥ ϕ(λ).

Proof. Since x ∈ S and λ ∈ SD(x) are feasible points for the MPEC
and the MPECLD(x), respectively, then one has

ϕ(λ) = min
x∈Rn

LMPEC (x, λ)

≤ f (x) +

p
i=1

λ
g
i gi(x) +

q
i=1

λh
i hi(x)

−

l
i=1


λG
i Gi(x) + λH

i Hi(x)


≤ f (x).

This completes the proof.

Corollary 3.1. If x and λ are feasible points for the MPEC and the
MPECLD, respectively, then

f (x) ≥ ϕ(λ).

Corollary 3.2. If x̄ and λ̄ are the optimal solutions for the MPEC and
the MPECLD, respectively, then

f (x̄) ≥ ϕ(λ̄).

Corollary 3.3. If x̄ and λ̄ are feasible points for the MPEC and the
MPECLD, respectively, and f (x̄) = ϕ(λ̄), then x̄ and λ̄ are optimal
solutions for the MPEC and the MPECLD, respectively.

The following theorem presents strong duality relation be-
tween the MPEC and the MPECLD(x̄) at a local optimal solution x̄
of the MPEC.

Theorem 3.2 (Strong Duality). If x̄ is a local optimal solution of the
MPEC and the MPEC Abadie CQ holds at x̄ and LMPEC (x, λ) is convex
at x̄ for all λ ∈ SD(x̄) and for all x ∈ Rn then there exists λ̄ :=

(λ̄g , λ̄h, λ̄G, λ̄H) ∈ Rp+q+2l such that λ̄ is a global optimal solution
of the MPECLD(x̄) and f (x̄) = ϕ(λ̄).
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